ON THE STRUCTURE AND IDEAL THEORY
OF COMPLETE LOCAL RINGS

BY
I. S. COHEN

Introduction. The concept of a local ring was introduced by Krull [7](%),
who defined such a ring as a commutative ring R in which every ideal has a
finite basis and in which the set m of all non-units is an ideal, necessarily
maximal. He proved that the intersection of all the powers of m is the zero
ideal. If the powers of m are introduced as a system of neighborhoods of zero,
then R thus becomes a topological ring, in which the usual topological notions
—such as that of regular sequence (§2)—may be defined. The local ring R is
called complete if every regular sequence has a limit. Let m = (%1, %2, - - - , %5)
and assume that no element of this basis may be omitted. If the ideals
(wy, wg, - - - ,us),4=1,2, - - -, n, are all prime, R is said to be a regular local
ring(?) of dimension .

It was conjectured by Krull [7, p. 219] that a complete regular local ring
R of dimension # whose characteristic equals that of its residue field ®/m
is isomorphic to the ring of formal power series in 7 variables with coefficients
in this field. If on the other hand the characteristics are different, so that the
characteristic of 9 is zero and that of ®/m is a prime number p, then R can-
not have this structure. In this case we note that p must be contained in m.
Krull then conjectured that if & is unramified (that is, if p is not contained
in m?), then R is uniquely determined by its residue field and its dimension.
He conjectured finally that every complete local ring is a homomorphic image
of a complete regular local ring.

These conjectures are proved in §§4-7, in particular, in Theorem 15 and
its corollaries. Actually the basic result, to the proof of which is devoted
Part II (§§4-6), is the one concerning arbitrary (that is, not necessarily
regular) complete local rings. It is proved (Theorems 9 and 12) that every
complete local ring R is a homomorphic image of a complete regular local ring
of a specific type, namely, the ring of all power series in a certain number
of variables with coefficients taken from a field or from a valuation ring of a
certain simple kind. This follows easily as soon as it is shown that a suitable
“coefficient domain” can be imbedded in R, and the burden of the proof of
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(1) Numbers in brackets refer to the Bibliography at the end of the paper.
(%) Thisis equivalent to Krull’s definition of a p-Reihenring, as given in §7; the equivalence
is proved in Theorem 14 and its corollary. The term “regular local ring” was introduced by
Chevalley [t].
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the structure theorems therefore lies in demonstrating the possibility of this
imbedding (Theorems 9 and 11).

This problem is similar to that of the structure of a field complete with
respect to a valuation, a question considered by Hasse and Schmidt [3],
Teichmiiller [12], and MacLane [9]. In case the residue field ®/m is of char-
acteristic zero, the imbedding is accomplished relatively easily by means of
a generalization of Hensel’s Lemma on valuation rings. If #/m and R are of
characteristic p then the methods of Teichmiiller apply with little modifica-
tion, provided that R/m is algebraically perfect; but if ®/m is imperfect,
there arise essentially new difficulties, for the overcoming of which a general-
ization of the idea of a local ring is introduced in Part I. Finally, if &% and
R/m have different characteristics, then the methods of MacLane can be
applied, but here, too, the properties of generalized local rings must be used
if ®/m is imperfect.

Part III deals with the properties of a regular local ring ®. If & is com-
plete its structure is explicitly described in §7 as a power series ring over a
field or over a complete discrete valuation ring (Theorem 15) except, possibly,
when R is of characteristic zero and p Em? (R is ramified) ; in this case a neces-
sary condition and a sufficient condition are given (Theorem 17, corollary)
for R to be a power series ring. In any case if R is ramified, it is a specific
kind of extension of a power series ring (Theorem 17). More generally any
complete local ring without zero-divisors is a finite module over a power series
ring (Theorem 16). In §8 some questions in complete local rings are consid-
ered, including factorization and dimension theory. Some results previously
known for rings of power series over infinite fields are extended to the case of
finite coefficient fields (see footnotes 19 and 25). The well known theorem of
Macaulay on unmixed ideals in polynomial rings is proved for arbitrary regu-
lar local rings. In §9 a relative ramification degree is defined analogous to
that for valuation rings.

Part I deals with preliminary definitions and results needed for the rest
of the paper, in particular with generalized local rings.

Several of the original proofs (notably, those of Theorems 5 and 16 and
Lemma 15) have been changed following the appearance of Chevalley’s paper
on local rings [1], from which various suggestions for simplifications have
been obtained.

Thanks are due to A. Seidenberg for a critical reading of the manuscript
of this paper and for many valuable suggestions.

PArT 1

1. Elementary properties. DEFINITION. A local ring is a commutative ring
R with an identity element in which:

(1) The set m of all non-units is an ideal in R;

(2) Every ideal in R has a finite basis.



56 1. S. COHEN [January

The above definition was given by Krull [7], who proved the following
important property [7, Theorem 2]:
If ais an ideal in R, then

L]

1) n (@, m*) = a.

k=1

For a=(0), we have the special case
(2) nmk = (0).
k=1

This relation suggests a type of ring more general than the local ring. We
introduce it in order to facilitate certain of the proofs in Part II.

DEFINITION. A generalized local ring (g.1.r.) is a commutative ring with an
identity element in which:

(1) The set m of all non-units is an ideal with a finite basis;

(2) Ng=am*=(0).

This clearly includes the concept of local ring, in view of (2). The ideal m
is necessarily a maximal ideal and contains every ideal in % different from
the unit ideal; thus it is the only maximal ideal in ). We shall denote this
unique maximal ideal by m.

LeEMMA 1. If a is an ideal in the g.l.r. R such that m=(a, m?), then a=m.
Proof. In case R is a local ring, the lemma follows from (1). In the gen-
eral case, let {ul, - e, u,.} be a basis of m:m=(u, - + -, #,); such a basis
exists by property (1) of the definition of a g.1.r. Since m = (a, m?),
u.-=Zc.-;u;+a.~, i1i=12,-:-+,m,
=1

where ¢;;Em and a;Ea. This implies

n
> (Bis— cidu; = a.
=1

If d denotes the determinant ] 6.-,'—0.-,~| , then du;=0(a),j=1,2, - - ., n;and
since clearly d=1(a), it follows that #;=0(a). Thus mCa, as was to be proved.
If {ul, cee, u,.} is a basis for m, it is said to be a minimal basis if no proper

subset is a basis.

Since m is maximal, the ring R/m of residue classes is a field, called the
residue field. We shall always denote it by P. If cE®R, then the map of ¢ in
the natural homomorphism of i on P will be called the residue of ¢, and will
often be denoted by ¢. The ring m/m? may clearly be regarded as a P-module
—that is, as a vector space over P.

LemMA 2. If R is a g.l.r., then the elements wy, uz, - - -, Un in M form a
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minimal basis for m if and only if they give rise modulo m? to elements which
form a P-basis for m/m2 The number of elements in a minimal basis of m is
equal to the dimension of m/m? over P; any two minimal bases have the same
number of elements. If {uy, us, - - -, ua} is a minimal basis for m, and if
v;=Z}‘_,c.~,¢u,-, 1=1,2,---,n,c;ER, then {vl, Vg, v, v,.} s a basis if and
only if the determinant lc,-i| is not tn m; it is then necessarily minimal.

Proof. Let { U1, Ugy * * -, u,.} be a minimal basis of m. If the residues
mod m? of the %; do not form a P-basis for m/m?, then they must be linearly
dependent over P. Thus there is a relation i +cote+ - - - +cat,=0(m?),
with ¢;ER, and at least one ¢c,—say ¢i—not in m. Then ¢; is a unit, and so
mE(Ug, - - -, Uy, m?); thus m=(u, - - -, #,, m?) and by Lemma 1, m
= (ug, - + -, %,). However, this contradicts the minimality of { Uy, Usg,y * - -,u,.}.

Conversely, suppose %y, %43, * + + , %, are elements of m giving rise mod m?
to elements of m/m? which form a P-basis. Then obviously m= (u;, u,, - « -,
#n, m?), and by Lemma 1, m=(u, %, - - -, %,). If {ul, Uy + -, u"} were
not a minimal basis, then, say, #1E& (4, - + + , #,). But this would imply that
the residues mod m? of us, - - -, 4, form a P-basis, which is false.

This proves the first statement; the rest of the lemma now follows easily.

Whenever we write m= (%, %s, - - -, %,), where m is the maximal ideal
in a g.l.r. R, we shall always mean that these elements form a minimal basis
for m, unless the contrary is explicitly stated.

Suppose now that m= (u, s, - - - , #,), and let R=P[x1, xs, - - -, %] be
the polynomial ring over P in 7 indeterminates. If cER, let f(us, us, - - -, #,)
be a form of some degree k(=0) in u1, ue, - - -, u, with coefficients in & (but
not all in m) such that

¢ = fur, wa, -+, un)(M*+1),

If each coefficient of f is replaced by its residue, and if each u; is repldaced by x;,
then we obtain a form f(x1, xs, - - -, x,) of degree k in R; this is called an
initial form of the element c.

Since Nm*=(0) we see that if ¢ 0 there is a %k such that ¢=0(m*),
cZ0(m*+1), Thus c=f(u1, s, - - -, #4), where f is a form of degree k& whose
coefficients are not all in m, and ¢ has an initial form of degree k. Hence every
element of R has at least one initial form, except possibly the element zero;
in any case we consider the zero of R to be an initial form of the zero of R.

If ¢ and d have f and g, respectively, as initial forms, then cd has fz as
initial form; and if f and 7 are of the same degree, then f+z (f it does not
vanish) is an initial form of c+d.

If a is an ideal in %R, then the homogeneous ideal a’ in R generated by the
initial forms of all elements in a is called the form ideal of a [7, p. 208]. Note
that if f(xl, X2, + -+, Xs) IS 2 homogeneous element of a’, then it is actually the
initial form of some element in a.
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If also m=(v1, w2, - -+ -+, v,), then by Lemma 2, v, =Z§‘_lc.-fu,-, where
[c;,-l #0(m). The effect on the polynomial ring R=P[x;, - - -, %,] is to sub-
ject it to the linear transformation y; =) . ,&%;, | c‘.~5|;£0. The initial forms
and form ideals are thus essentially independent of the particular minimal
basis chosen.

For the remainder of this section R is a local ring.

DEeFINITION. The ideal a in R is said to have dimension r if there exists at
least one chain aCp,C - - - CpCpo=m, where the p; are prime ideals, but
no such chain with more than 41 prime ideals p;. If p is prime, it is said to
have rank(®) r if there exists at least one chain pDp, 1D - - - D|Dpe2(0),
where the p; are prime, but no such chain with more than r ideals p;. (See
[7, p. 209].)

If a and b are ideals in i and aCbH, then the dimension of a is at least as
great as that of b. The dimension of a is clearly equal to the maximum of the
dimensions of its associated prime ideals. We therefore define the rank of a
to be the minimum of the ranks of its associated prime ideals. If p is prime,
then the sum of its rank and dimension is at most the rank of m, which equals
the dimension of (0). That this latter is really finite is implied by the following
fundamental theorem [7, p. 220, Theorem 7*]:

If p is a minimal prime ideal of the ideal b= (b1, by, - - - , b,) having r ele-
ments in its basis, then the rank of p is at most r.

The rank of m is therefore at most # if m= (w1, #s, - - -, u,).

DEFINITION. The dimension of R is the rank of m.

We observe finally that if p and p’ are prime ideals and p contains p’
properly, then the rank of p is greater than that of p’, while the dimension of
p is less than that of p’.

2. Complete local rings. In any generalized local ring R, a topology can
be introduced by taking the ideals m, m2, m3, - - - to be neighborhoods of
zero. This is the natural topology of N. It is immediate that R thus becomes
a Hausdorff space satisfying the first axiom of countability in which addition
and multiplication are continuous; thus R is.a topological ring. Any primary
ideal belonging to m is open and closed in this topology.

DeEeFiNITION. The sequence { a,,} of elements of R is regular if, given any
m >0, ar—ar&m™ for £ and k sufficiently large. :

It is clear that a necessary and sufficient condition that {a.} be regular
is that lim, . (@ny1—a,) =0.

DEerFINITION. The g.l.r. 9 is said to be complete if every regular sequence in
R has a limit in R.

In a complete local ring a sufficient condition for the convergence of an
infinite series Y _m,a, is that lim a,=0.

(%) We use the term “rank” (following Lasker and Macaulay) rather than Krull’s “Dimen-
sionsdefekt.”
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DEeFINITION. If R is g.l.r., then R* is a completion of R if:

(1) R* is a topological ring (satisfying the first countability axiom) con-
taining R both as a subring and a subspace;

(2) R is dense in R*;

(3) N*is complete.

THEOREM 1. Every g.l.r. R has a completion which is unique to within iso-
morphism over RN(%).

Proof. If a and b are distinct elements of &, then there is a positive integer
k such that e —b=0(m*), a —b#0(m**+1). We then define p(a, b)=2"* It is
clear that p is a metric for R and that regularity of a sequence in this metric
is equivalent to regularity as defined above. By a well known theorem, R can
be extended to a space R*, complete with respect to a metric p which is an
extension of the metric of R, such that N is dense in R*. If a*, b* are elements
of %*, then there are sequences {a,} and {b.} in R such that a*=lim a,,
b*=1lim b,. We then define a*+b*=1lim (a,.+b,), a*6*=1lim (a.b,). It is im-
mediate that this definition of addition and multiplication in ®* is independ-
ent of the particular sequences {a.} and {4.} chosen, and that %* thus
becomes a ring containing R as a subring.

It is easily seen that the relations

p(a — b, 0" = b') = p(e, &) + p(d, "), p(ab, a'b’) = p(a, a') + p(b, V)

hold for elements of R. Hence, by the continuity of the distance function,
they hold also in R*, and it follows that ®* is a topological ring. Since
p(a*, b*) =p(a*—b*, 0), metric regularity in R* is equivalent to regularity as
defined above. Thus R* is a completion of R.

If R* is another completion, let a* be any element of R*. Then a¢* =lim a.,
where a,ER. The sequence {a.} is regular and so has a limit ¢* in the com-
plete ring 1*. The mapping a*—a* is easily seen to be a homeomorphism and
an isomorphism of ®* on R* which leaves invariant every element of R. Thus
R* is essentially unique.

We now show that the completion of a g.l.r. is again a g.l.r. As such it
has a natural topology defined by the powers of its maximal ideal. But it
has also a topology in consequence of its being a completion, and we prove
in the next theorem that these coincide. The proof could be made somewhat
shorter by making use of the specific construction for the completion, but it
seems better to use merely the defining properties.

THEOREM 2. If R is a g.l.r., then so is its completion R*, and the topology
of N* coincides with its natural topology. If m* is the maximal ideal of R*,
then there is a 1-1 correspondence between the primary ideals q in R belonging to

(*) In the case where ® is a local ring this theorem has been given by Krull [7, p. 218,
Theorem 14] in a less precise form.
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m and the primary ideals q* in R* belonging to m*; if, namely, q and q* corre-
spond, then q*=R*-q, q=q*NR. In particular,

3) m*k = R*.m*, m* N\ R = mk, k=1,2,---.

The residue fields of R and R* are isomorphic. A minimal basis for m is also
one for m*,

Proof. (a) First. we show that #f b s any ideal in R and b*ER* - b, then(5)
b*=lims.bs, where byED. For let b*=> a*b!, a*ER*, b/ED; then
a¥* =lims .0, e ER. Hence b* =lim;..0_:a:ubd!, and we take by =) .a::b!.

(b) If b=m>, then also the converse of this statement is true. For suppose
Y*ER*, and b*=lim b, with b, Em*. We may assume that b —bp_1 Emrts-1
(k=1) and by=0. Hence if v, vy, - - -, vy are the power products of
U1, Uz, -+ -, U, (the basis elements for m) of degree %, then by—bx_
=>"¥ cuv;, where ci; Em*-1. The infinite series ) ics: converges in R* since
cri—0. Thus b* =D 2 (b —bi_1) =D 1100 e 1Cri ER* - mP,

(c) If q is a primary ideal belonging to m, then R*-qN\R=gq. For if
bER* - NN, then by (a), b=Ilim b, bxE q. Since q is open in R, b —b,E q for
large &, hence b&q. '

(d) In particular, ®*-m*\R =m>. For k=1, this implies that R* - m = R*.
We assert that R* - m contains all the non-units in R*, hence is the ideal of non-
units. Suppose, namely, that b* is in R®* but not in R®*-m, and let b* =lim by,
b ER. Only a finite number of the b, can be in m, for if infinitely many were,
then by (b), b* would be in 3#*-m, contrary to the choice of b*. Since only a
finite number of b; are in m, we may assume that none are and so each b
is a unit. Since by —bi~ ! =bpyr 05t (br—bry), it follows that {b;,‘l} isa
regular sequence in R, hence has a limit b* in R*. Then 5*b*=1 and b* is a
unit; thus every element of &* not in R*-m is a unit. Let m*=R*-m; equa-
tions (3) now follow, in view of (c).

(e) For anyb*in R*, thereis an element b in R such that b* =b(m**). Namely,
let b*=lim b4, bxER. Since {b:} is a regular sequence there is an integer 4
such that b, —b;Em?* for & >4. Hence b* —b; =1lim.(bx —b:;) ER* - m*, by (b)
—that is, b*—b; &S m**,

Together with (3)—which implies that ®/m* may be considered a subring
of $*/m**—(e) shows that the two rings coincide. For A =1, this means that
the residue fields of ®* and RN coincide.

(f) The ring R* is a g.1.r. For suppose b* ENm*~:. Since b* ER*, b* =1im by,
b, ER; for a fixed k, we have by (a), and since b*ER* - m*, that b* =lim a,
arEmt. Thus for large k, by=ar(m*), hence b,=0(m?*). Since this holds for
all 2, lim by =0—that is, b*=0. Thus Nm**=(0).

Also, m* has a finite basis, for m*=®* - m=R*- (1, s, - - -, %,). This

(%) Throughout this proof “lim” means limit with respect to the topology which %* has
in virtue of its being a completion.
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basis is actually minimal. For suppose #;=bs*us+ - - - +b*u,, bF¥ER*. By
(e) there is a b; in R such that b*=b;(m*). Thus u; =2 r_.bu;(m*?), and since
w— bt ER, (3) implies that uE (uy, - - -, %n, m?). By Lemma 1, we
would have m=(u., : - -, #,), contradicting the minimality of the basis
(i, - - - un).

(g) If q is a primary ideal of m, then R*.q is a primary ideal of m*,
and we have seen that R* - gqN\R = q. Conversely, if q* is a primary ideal of m*,
then q=¢* NN is a primary ideal of m. Moreover, R*- q=q*, for if b*Eq*,
then by (e) there is a b in R such that b* —bER* - m*CR* - q (for suitable £).
Since b*—bE&q*, bEG*NR =q, so that b*ER* - q. ‘

(h) It remains to prove only that the given topology of R* is its natural
topology. We note that these topologies coincide on R, because R is a sub-
space of R* and because of equations (3). It is therefore sufficient to find for
every sequence {b*} in ®* a sequence {b:} in R such that {b*—b:} is a
null sequence in both topologies.

Let {U %} be a system of neighborhoods of zero in %* (with respect to its
given topology). For a fixed &, let bi* =limj a4 Then for large &, b —a, E Us.
But from the proof of (e) it is clear that & —as&m** for large . Hence if
we let by =a, for some fixed large value of %, we have b5 —b; in both Ujand
m**, Thus {b,} is the desired sequence.

The proof of Theorem 2 is now complete.

Even though our interest lies primarily in local rings, we must consider
also generalized local rings since a proof involving local rings may well lead
to a ring which is only a generalized local ring. It is therefore of fundamental
importance that we can always get back to an actual local ring:

THEOREM 3. If a generalized local ring is complete, then it is a local ring(%).

From Theorem 2 we have as an immediate consequence that the comple-
tion of a g.l.r. is a local ring.

Proof. Let R be a complete g.l.r. It is necessary to prove merely that every
ideal a in R has a finite basis. Let m=R- (41, %2, + + -, %a).

If o’ is the form ideal of a, then a’={{1(x), - - -, ¥s(x)), where ¥:i(x) is a
homogeneous polynomial in R=P[xy, - - -, x.], 1=1, 2, - - -+, 5. Let i(x)
be of degree k;; we assume a = R, so that k; > 0. For each ¢ there is an element
a;in a having ¥;(x) as an initial form. We shall show that a=(ai, as, - - -, a,).

Let a be an element of a and suppose that a&m*. Then a=y(%), a form
of degree k. Let J(x) be the corresponding initial form in R (or zero, in case all
the coefficients of ¥(u) are in m). Since ¥(x) Ea’, we have §(x) =) 4:(x)¥i(x),
where 4;(x) is a form of degree £—k; (or 4;(x)=0). Let 4:(x) be a form of
degree k—k;inuy, - - -, u, corresponding to 4;(x); then a’ = s.,4:(%)a;is an
element of R having D_4;(x)¥:(x) =¥(x) as initial form. Hence a —a’ Em*+!,

(¢) The proof of this theorem is implicitly contained in Krull [7, p. 218].
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But a—a'’ is again a member of a and so by repeating the previous argu-
ment we have an element a’’ =ZA,-’ (u)ai, where A/ (u) is a form of degree
k+1—k;, and a—a’—a'’ €m*+2, Continuing in this way, we get s sequences
Ai(u), Al (uw), - -, 4:M@w),---(=1,2,---,5), where 4;™(u) is a form
of degree k+h—k;, and

4) a = z': 2‘: Ai®(u)a;(mrtril)) r=0,1,--..

h=0 ¢=1

For each 7, D_jo4:®(u) is a convergent series, since &% is complete, and has
a sum ¢; in R. Hence the right side of (4) has the element Y ;. c:a; as limit
(as r— »). On the other hand (4) implies that the limit is ¢. Thus a =Zc.va,~,
and so (a4, - - -, @,)=4a.

For the remainder of this section % is a local ring. In this case, we can
add to Theorem 2 the following [7, p. 218]: If a is any ideal in R, then

(5) R*aNR =a.

For if cER* - a, then c=_c*a;, c* ER*, a;Ea. For a fixed k, there exists a ¢
in ® such that ¢* =c,(m**); so c=2_cia;(m**). Thus c—Y_cia; EM* MR = m*,
c€& (a, m*). Since this holds for all k, (1) implies that cE€a.

It may be pointed out that (5) is characteristic for local rings in the sense
that if it holds for a g.l.r. &, then R is actually a local ring. Namely, equation
(5) and Theorem 3 imply that every increasing sequence of ideals of R is
finite. It follows that (1) is also characteristic for local rings; (1) is equiva-
lent to the statement that the ideal a is a closed set. We do not know whether
there exists a g.l.r. which is not a local ring.

If a is an ideal (#®R) in the local ring R, then the ring R’ =R/a is clearly
also a local ring with m’=m/a as maximal ideal. The homomorphism of R
on R’ is a continuous open mapping. For continuity, observe that the sets
m’% form a set of neighborhoods of zero in R’ and that the inverse images
(m*, a) are open in R. That the mapping is open follows from the fact that
the sets m*, which form a system of neighborhoods of zero in &, map onto the
open sets m’* of R’.

If % is complete, then so is R’. For if {a{ } is a regular sequence in %/,
then a/ —a/_1—0. Therefore a{ — a1 EM*® with h(k)— . Let bi(k=1)
be an element of m*® which maps onto ay —ay -1, let by map onto ag. If
ar= % ob:, then a; maps onto af and {a.} is regular, hence has a limit @
in ®. If @ maps onto ¢’ in R’, the continuity of the mapping shows that
al —a’.

If R is not complete let R* be its completion. In view of (5), R/a may be
considered a subring of R*/R*- a. Since (a, m*) = (RN*- a, m*)NR, R/a is ac-
tually a subspace of R*/R*.a. Thus the latter is the completion of the
former.
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Hensel's Lemma for valuation rings can be generalized without difficulty
to local rings:

THEOREM 4. Let R be a complete local ring. Let f(2) be a polynomial in
R[z] of degree n, and let go(z) and ho(z) be polynomials in R [2] such that:

(@) go(®)=az"+a’z1+ - - -, a#0(m), ho(2z) of degree not greater than
n—r, 0<r<n;

(b) f(2)=go(2)ho(z)(m);

(c) go(2) and ho(2) are relatively prime mod m.
Then there exist polynomials g(z) and h(z) in R|[z] of degrees r and n—r re-
spectively such that

g =az+ .-+, [ =g()h(z), g(a) = g((m),  A(z) = ho(z)(m).

Proof. Starting with go and %o we construct two sequences {gx(z)} and
{hi(2)} of polynomials in % [z] such that

(6) gu(z) = az"+ - - -, degree of hi(z) S n — r,
(N ger1(z) = g(@M*Y),  higa(z) = hi(z)(mk),
) f(2) = gi(2) hi(z) (m*+1),

This is sufficient to prove the theorem, for (6) and (7), together with the com-
pleteness of R, imply that the sequences { gk} and {hk} have limits g(z) and
h(2) respectively. Then (8) implies that f(z) =g(2)k(z), and the other state-
ments in the theorem are then obvious.

We proceed by induction, assuming that go, g1, - - -, gxand ko, by, - - -, hi
have been defined so that they satisfy (6), (7), and (8). Clearly, for k=0, the
given go and ko will suffice. Let m**t'=(vy, ve, - - -, vy). We now define

N N
9] ge1(2) = gx(2) + 2 vri(2),  aga(e) = h(2) + 22 visia),

=1 =1
where the 7;(z) and s;(z) are as yet unspecified polynomials whose degrees
are less than r and not greater than n —r respectively. It is clear that (6) and
(7) are thereby satisfied. We now determine 7; and s; so that also (8) is satis-
fied for g1 and hpy1.

From (9),
= grnrbir = f — gihi — D vi(sige + rihi) — D v s
i

1

On the other hand, by (8),
f— grl = 20 vipi(s)

1

where the p;(2) are polynomials whose degrees may be assumed to be at most
n, since the same is true of f—gih;. These two relations give
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I = grrhigr = D vi(ps — sige — rihe) (m*+2),

1

In order to obtain (8) for gi41 and ki it is sufficient to show that 7; and s;
can be determined so that p;=s.gr+7:h:(m), or equivalently—since g, =go(m)
and hy=ho(m)—so that

pi = Sigo + riho(m).

But this is surely possible, since go and 4, are relatively prime mod m. More-
over, since the degrees of go, ko, and p; are 7, not greater than n—r, and #
respectively, we may select 7; of degree less than 7, and s; of degree not greater
than n —r. This completes the proof.

3. Subrings and extensions of local rings. Consider two generalized local
rings i and &, with R a subring of &. R and & necessarily have the same
identity element, as follows from the following general remark:

A g.l.r. © has no idempotent elements except 0 and 1. For if e2=e, e %0, e #1,
then e(1 —e) =0 and since € %0, 1 —e 0, each is a zero-divisor and is a non-
unit. Hence so is 1 =e+ (1 —e¢), a contradiction.

We shall always let m and I denote the maximal ideals of i and & re-
spectively. The contracted ideal IMMNR is a prime ideal contained in m. In or-
der to make a comparative study of the two rings and their residue fields,
we shall require that these two ideals be the same. That is, we shall be con-
cerned with the condition

(10) MAR =m.

If this condition is satisfied, then there is a natural isomorphism of the resi-
due field P=%/m of R onto a subfield of the residue field Z=&/IMN of S. We
may therefore consider P to be imbedded in 2.

Since RCT S, there are two topologies which one may consider in R. First
there is the natural topology of R, and second there is the topology imposed
on it by &. If these two are equivalent—that is, if R is not only a subring
but also a subspace of &—then R and & are said to be concordant. Sets of
neighborhoods of zero for the two topologies are theideals {m*} (k=1,2, - - - )
and {im" f\%R} (=1, 2, - - - ), respectively. In order that ® and & be con-
cordant it is necessary and sufficient that each ideal of either set contain an
ideal of the other set. In particular M MR must contain some power of m,
hence must contain m itself. This means that (10) holds. And if (10) holds
then M¥NR Dm* for every k. v

For the concordance of R and &, we must have also that each m* contains
an ideal M*NR. For each 7, let k(2) be such that

(11) MENAR CSmrA, MENAR E mrEH+,

Clearly the sequence {k(i)} is nondecreasing. The requirement that each m*
contain an ideal M*NR is equivalent to
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(12) lim k(7)) = o.

{— 0
(This condition is certainly satisfied if some k(Z) = «—that is, if for some 7,
MiNR=(0).) In general (10) does not imply (12). However there are two
cases in which it does, as stated by the next two theorems.

THEOREM 5. Let R and S be generalized local rings such that RCS,
MNR=m. If R is complete, then R and S are concordant(7).

Proof. We prove that (12) holds. If it does not, then the k(Z) must be
constant from a certain point on, say k(z) =% for 2= 4. Placing a;= M NN,
we have a;Cm#, a,Cmk+t (12 5).

For each fixed integer j (1), consider the decreasing chain

(an, m*¥*7) D (any1, M) D (Qpye, m*+) D - v,

These ideals are all primary and belong to m and they all contain m*+/, which
is likewise primary. Since m has a finite basis, it follows by a well known
theorem(®) that these chains terminate. Hence for each j there is an integer
n(j) such that (a;, m**+7) = (aa¢;, m**+?) for 2= n(j); moreover we may assume
that k=n(1)=n(2)S - - -, k+jSn(j).

We now construct a sequence {a;} in ® such that for all j =1, a;E€an(; and

(13) aj = aj(mkti).

Let, namely, a; be an element in a,qy not in m**!, Assume a4, @z, - - -, @;to
be defined. Then @;€ a,¢jy S (Anis1y, m*+7), and the existence of an a;y; in
(n(isyy satisfying (13) is then clear. The sequence {a;} is regular by (13), and
hence it has a limit @ in R. Again by (13) it follows that

a = a;(m*+9), j= 1.

Since mC I, this congruence means that a —a; EM*+. But a;€ anj Sary;
C M+, thus a EMF+7 for all j, a=0. Applying this congruence for j=1,
we obtain @;=0(m**+!) contrary to the selection of @;. This completes the
proof.

THEOREM 6. Let R and S be generalized local rings, RCTS, MNR=m.
If m is a principal ideal, then R and S are concordant.

Proof. We must prove (12), where k(2) is defined by (11); let m= (u). If
(12) does not hold, then as in the previous theorem the k(7) are constant
from a certain point, say equal to k. Since M MR is in m* but not in mk+y,
there is an element a; in M NN such that a; =c,;u*, with ¢; a unit in RN. Hence

() Cf. Chevalley [1, Lemma 7].
(8) For this theorem, as well as the concept of the length of a primary ideal and the proper-
erties of composition sequences (to be used later), see Krull [4, p. 31].
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ut=c; g, &M’ all 1, so that «¥*=0. Thus m*= (0) =m**+!, contradicting the
fact that MNRL m#+1,

It is immediate that if & contains and is concordant with R, then the
closure of i in & is a completion of .

We now introduce a new relation between two g.l.r.’s stronger than that
of concordance; this relation, together with Lemmas 3 and 4, is fundamental
in the proof of the structure theorems of Part II.

DEFINITION. Let ® and & be g.l.r.’s, RCS. Then & is said to be unrami-
fied with respect to R if there exists a minimal basis for m which is also a mini-
mal basis for M, and if for every positive integer k it is true that

(14) MENR = m*,
From the definition it follows that
M =S -m.

Moreover any minimal basis for m will be a minimal basis for M (by Lemma
2). From (14) we see that if & is unramified with respect to (u.w.r.t.) &, then
& and R are concordant. The relation of being unramified is transitive. That
is, if R, &, and &’ are three g.l.r.’s such that RCSCS’, and if &’ and &
are u.w.r.t. © and R respectively, then &’ is u.w.r.t. R. Finally, Theorem 2
shows that the completion of R is u.w.r.t. .

LemMA 3. Let R, S, and R. (where a runs over some index system) be rings
satisfying the conditions:

(a) For every a, RCR.CS, and S is the smallest ring containing all Ra;

(b) R is a g.lr., and eack R, is a g.l.r. which is uw.r.t. RN;

(c) Given any two of the rings Ra, Ng there exists a ring Ny which is u.w.r.t.
Raand SRB.
Then © is a g.l.r. whick is u.w.r.t. R and each R.; the residue field of S is the
join of the residue fields of the R..

Proof. From conditions (a) and (c) it follows that any finite set of elements
of & is contained in some R,.

Let mi=R-(u1, - - +, %), so that generally me=Ra- (41, - - -, %), Where
M, is the maximal ideal of R,. We assert that the ideal M=S - (uy, - - -, Ua)
consists of all non-units of &. First, M =S, for otherwise 1 =ayu1+ - - -
+antin, 0;E€S. If R, contains ay, - - -, @n, then 1ER, - (241, + - -, Uy) =Mg,a
contradiction. Second, every non-unit a of & is in I; for if ais in Ra, thena
is a non-unit in R., hence aEM, M. The notation M=S- (uy, - - -, %n)
must be justified by showing that this basis is minimal. But this is clear, for
if, for example, u;ES - (ua, - -+ * , %n), then w1 ERa - (U2, - - -, ua) for some Ra,
and this contradicts (b).

Similarly it can be proved that M* MR, =m.*. For if aEM* MR, then
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by (c), aEmg* for some B such that Rs contains and is u.w.r.t. R,. Then
aEmg*MR,=m,*, as was asserted. From this it follows that NIN*=(0). Thus
&isa g.lr., and it is clearly u.w.r.t. & and each R.,.

It is this lemma which necessitates the introduction of the g.lL.r. For the
proof given here does not suffice to show that & is an actual local ring, even
if each R, is.

LEMMA 4. Let R be a local ring, S=R[v], where v is a root of the polynomial
fGB)=zm4aiz™ 1+ - - - +an (a:ER), but of no polynomial of lower degree. Let,
moreover, f(z) =gm4dgiz™ 14 - - - 43, be irreducible over P. Then & is a local
ring, unramified with respect to R, with S-m as maximal ideal, and [Z:P]=m.
If ais an ideal in R, then © - aNMR = a. S is complete if and only if R 1s.

(Note: P and Z are the residue fields of i and &; a; is the residue of a;
modulo m.)

Proof. In view of =R [v] and f(v) =0, every element ¢ in & is of the form
t=) mlewd, c; ER. Since v satisfies no equation of degree less than m, the ¢;
are uniquely determined. If a is an ideal in R, then clearly ¢ is in &-a if and
only if the ¢; are in a. Hence if tE& - aNR, then t=¢oEq, and we have proved
that

(15) S aNR =

In particular & mNR=m, and S,=S/&-m may be considered to con-
tain P=%R/m. Then S,=P[5], where 7 is the residue of v mod &-m. Since
f(3) =0 and fis irreducible, and since P is a field, it follows that & is a field,
so that M =& -m is a maximal ideal. If M’ is any maximal ideal of &S, then
M'NR is maximal(®) in R, hence MNP =m, M' DS - m=MW, M'=M. Thus
9N is the only maximal ideal of &. Since & is a simple extension of R, the ideals
of S have finite bases and & is a local ring.

Now I*=& - m*, and by (15), M*NR =m* To complete the proof that S

is u.w.r.t. R, we must show that if m=R-(u;, - - -, u,), then uy, -« -, u,
form a minimal basis for M. If not, then, say, miES - (us - - -, %)
=S-(R-(ug + + -, ua)), and by (15), 1 ER - (ug, - + +, u,), a contradiction.

The relation [Z:P]=m is clear.

Suppose now that ® is complete. Let {ti} be a regular sequence in &,
= rolawt, cER. Then for each k, ti—tan =Z(c;..-—c;.+1,.')v‘ is in
M+ =& -m* for large k; hence cu; — a1, Em* for large £, and {c;.;} is a regu-
lar sequence for each 4. If ¢; is its limit, then {t4} clearly has the limit > c.’.
Thus & is complete.

If & is complete, let {c;.} be a regular sequence in R. Then {c;.} is regu-

(°) If the ring & is integrally dependent on the ring R, and if M is a prime ideal in © and m
is its contraction in R, then M is maximal if and only if m is. For the integral domain S/M is
integrally dependent on the integral domain ®/m, and it is easy to see that the former is a field
if and only if the latter is. Cf. Cohen and Seidenberg [2, Theorem 1].
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lar in &, hence has a limit )_rg'aw’. Thus for each k and large &, (ao—cs)
+> mlawiEME =S - m*, hence ag—crEm*. So lim cr=a, ER.

THEOREM 7. Let R be a complete local ring and & an integral domain con-
taining K. If S s integrally dependent on R, then the non-units of S form an
ideal. If & 1is a finite R-module, then & is a complete local ring.

Proof. Assume & is integral over %. Then & m is not the unit ideal [5,
p. 749], and therefore neither is its radical. We show that the radical contains
all non-units.

Let v be a non-unit in &. Since v is integral over R it satisfies an equation
f(@)=0, where f(z) =2"+a1z™ 1+ - - - +am, a;ER. We assume v satisfies no

monic equation of lower degree. Since an= —v(™ '+ - - - +an_1),and visa
non-unit, @, is also a non-unit in i, hence a,&Em. Now all a; are in m. For if
not, let a, be the last one not in m: a,&§m, a;Em for t=r+1,7+2, - - -, m,

0<7<m. Then f(3) =2m"(s"+a1z~'+ - - - +a,)(m), and these factors are rel-
atively prime mod m since a,#0(m). Hensel's Lemma (Theorem 4) implies
that f(z) factors into monic polynomials of degrees » and m —r. But this would
imply that v satisfies a monic equation of degree less than m. This is false and
so each a;Em, v»ES - m, v is in the radical of & - m.

If & is a finite $#-module, then the ideals of & have finite bases, since the
same is true of ®. Also & is integral over R, so & has an ideal of non-units.
The completeness of & is shown in the next theorem (first paragraph of the
proof).

THEOREM 8. Let R and S be local rings with residue fields P and Z such that
NRCS and R is complete. Then S is a finite R-module if and only if S-misa
primary ideal belonging to M and 2 is a finite algebraic extension of P. With
these conditions satisfied, © is complete and has an R-basis of \u elements, where
w=[Z:P] and \ is the length(®) of ©-m.

Note. If &-m is primary for M, then MNR =m, so P may be considered a
subfield of 2, and therefore the hypothesis concerning Z and P has meaning.
If, on the other hand, & is a finite ®-module, then & is integrally dependent
on R. Hence any prime ideal belonging to & -m is maximal(®) since such an
ideal must contract to m. Thus I is the only prime ideal of &-m, which is
therefore primary, and so again the statement concerning Z and P is meaning-
ful.

Proof. If © is finite over R then clearly Z is finite over P. Moreover, as
observed, & -m is primary for M. Hence for some &, M*CS -m, M*CS-m"
for all ». Let vy, - - -, v, form an R-basis for &. To prove the completeness
of &, let {t;.} be a regular sequence in &, t,=0. Then for any 7, thi—tra
EM*+*C S -mr for large k. Thus th—th1 = iChivi, Where ci;Em™®, and
n(h)— o. For each 7, )_n..cx:i converges in R (which is complete) to a limit .
Then
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7 m 7 m
t; = Z (th - th—l) = E Vs Z Chiy lim t; = E CiVs.
hw=1 Tl h=1 Faad =1
(From Theorem 5 it follows that & is concordant with . However, we have
used not this fact, but merely the observation that the identity mapping of
R in S is continuous.)

Now let us assume that & - mis a primary ideal of length X belonging to 9.
Then, as observed above, MMNR =m and P may be considered a subfield of 2.
We assume further that u= [Z:P] is finite and prove that & has an R-basis
of Au elements.

Let {1r1, Te, =+ v, 1r,,} form a field basis for Z over P, and let p; be a repre-
sentative of m; in &. Then p, pe, - - -, p, form an independent R-basis for S
mod IN. That is, for every element ¢ in &, there are elements a,, @z, * « *, @,
in R such that

(16) t=ap1+ asps + - - - + aupu (M),

and the g; are uniquely determined mod m.
Since & -m is of length A, there exists a chain

M=01DqD - Dop=66m,

where each ¢; is a primary ideal belonging to I, and there is no ideal between
g;—1 and q;. It is well known that

M-q;—1 € q5 i=1,2,-+-,},
where we define qo=@. If ¢; is in q;_1 but not in q;, then
(17) qj—1 = (qj, Qj), j= 1,2,--+,\

(We observe for later purposes that we could have selected pr=g:1=1.) We
now show that the elements p.g; form an R-basis for &.

First we show that they form an R-basis mod &-m. For this purpose it
is sufficient to show that the elements pig;, - - -+, p.g; form an R-basis for
gi-1_mod g; If, now, s&q;1, then by (17) s=tg,(q;), t€S. By (16),
s=2 4 a:ipig; (M- q;21)=0(q;). Thus for every s in & there are elements a,;
in R such that s=2 a:;(pg;) (S-m).

There exist, for each s in &, A\u sequences {a.-,‘“’, ai®, - a®, -
(a:i ER) such that for all &, a;;® =a;;*+V (m*+?!), and

(18) s = 2 a0 (pig ) (S-mk+),

L%
For £=0, the a;;'® have been shown to exist. If a;,*) has been defined, (18)
implies that s=_a:;®(pig;) +2_ssws, where €S, wyEmk+l. But

sh= D bui(pig)(@Sm), bu; ER,

L%
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s = Z aij(k)(pgq,-) + Z( Z b;..-,-w,.) (p‘-q’.)(@.mk&z).
44 i A

Placing a;,~‘"+1)=a,~,-(")+zhb;.;,wh, we see that the induction is complete. For
each 7z and j, {a;i(’”} is a regular sequence, hence has a limit a,; in . We con-
clude from (18) that s =) a;;(p:q;), and the p.q; thus form an R-basis for S.

Recalling that we could have selected py=g1=1, we obtain the following
for the case A=u=1.

COROLLARY. Let i be a complete local ring, © a local ring containing R such
that & -m=M. If the residue fields of R and S coincide, then S =NR.

We shall see in Part III that the members pq; of the R-basis need not be
independent over R and we shall obtain a sufficient condition (Theorem 23)

for independence.
Part I1

4. The structure theorems. Characteristic zero. A decisive factor in the
statement as well as the proof of the structure theorems for local rings is the
relative value of the characteristics of the ring and its residue field. The char-
acteristic of the latter is naturally either zero or a prime number p. The char-
acteristic of the local ring R itself, however, may well be a positive integer ¢
which is not a prime, since ® may have zero-divisors. However ¢ must be a
power of a prime. For if g=rs,#»>1, s >1, (r, s) =1, then since rs=0, r and s
are zero-divisors and are contained in the maximal ideal m of . Since there
exist integers @ and b such that 1 =ar+bs, we have 1 Em, which is impossible.
Thus g =p*, where p is a prime. In this case the residue field P has character-
istic p.

Thus the following are seen to be the only cases possible:

(a) N and P are both of characteristic zero.

(b) R and P are both of characteristic p.

(c) R is of characteristic zero, P of characteristic p.

(d) R is of characteristic p*(k >1), P of characteristic p.

The first two cases are called the equal-characteristic cases; the other two, the
unequal-characteristic cases. Case (d) can arise only if R has zero-divisors.

If & is a local ring containing R, then % and & have the same character-
istic (since they have the same identity). If MNR =m, then the residue fields
also have the same characteristic, and & and & fall into the same one of the
four cases. In particular, R and its completion are under the same case.

To see that all four cases are actually possible, we first prove a general
result.

LEMMA 5. Let R be a complete(™) local ring with m=R - (uy, ts, = =+, Un);

(19) If R is not complete, then & will still be a (non-complete) local ring. The proof is similar
to that of Theorem 2
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let &= ﬁR-{xl, X2, ¢ 0 v, xm} be the ring of formal power series in m indelerminates
X1, Xa, * ¢ -, X With coefficients in R. Then S is a complete local ring with maxi-
mal ideal (uy, « + + , Un, X1, * * + , Xm), and residue field isomorphic to that of R.

Proof. Let M denote this ideal. If tE€&, then t=Z;°_ot;,, where ¢; is a
form of degree k in %, - - -, xn with coefficients in ®. It is clear that
1ES - (x1, + + +, xm) is equivalent to £,=0 and that t&I is equivalent to
to&m. But this last condition is clearly the condition that ¢ be a non-unit
in &. Thus M consists of all non-units of &. That N, M*= (0) follows from
the fact that 9% consists of all t= _t; such that for k=0, 1, - - -, h—1 the
coefficients of ¢; are in m** Hence & is a generalized local ring. More-
over the above basis for I is minimal. If, namely, x; is superfluous, then
X1= pipithi+D maqxi, Where pi, ¢;ES. On expanding the right-hand side
into a power series in %3, - - -, X, We see that the second summation yields
no term in x; alone; and while the first summation may yield such a term, its
coefficient must be in m. Thus the equation is impossible. If, on the other
hand, u, is superfluous, then u;= 4 ,piui+y mg;x; where p;, ¢;ES. If p!
is the constant term of p;, then u1=2?.2p,~' u;, and this contradicts the mini-
mality of the basis (%1, .« -, u,) for m. It is clear that MNP =m and that
the residue field of & coincides with that of .

Now & is complete (and hence, by Theorem 3, a local ring). For let {t:}
(=0, 1, - - - ) be a regular sequence of elements of &. We write ti=) %,
where 2% is a form in xi, + -+, x» of degree k. For any %, we have that
ti—t 1IN for large 7. By the remark above, this means that for a fixed &
and for any &>k, we have ¢;5—¢,*'=0(m**) when 1 is large (this congruence
means that the coefficients of £—¢;%! are in m*~*). Hence for a fixed &, the
coefficients of each monomial in #;* form a regular sequence, which must
then have a limit in R. Hence there is a form ¢; of degree & such that
lim;.fx=4tr. Now lim;.ti=¢, where t= ts. For ti—t=_(t;’—1t), and for
any k, t*—1t,=0(m?), if 0 <k <h—1 and ¢ is large enough. Hence ¢ —t&IM*
for 7 sufficiently large, and the statement is proved.

Any field P may be considered a local ring in which m=(0). Consequently
the lemma implies that the formal power series ring P{x;, - - -, %} is a local
ring with residue field isomorphic to P. Thus cases (a) and (b) above are pos-
sible, and moreover the number of elements in a minimal basis of the ideal of
non-units, as well as the residue field, may be prescribed.

For case (c) let R be the quotient ring(!!) of the ring of integers with
respect to the ideal (p), where p is a prime number, and let i be the comple-
tion(*2) of Ro. Then R falls under case (c), and so does S=R{x1, - - -, n},
which has (p, %1, - * *, ¥m) as its maximal ideal. The residue fields of Ry, R,
and & are the prime field of characteristic p, while these local rings are of

(11) For the definition and properties of quotient rings see Krull [4, p. 17].
(1%) This is the ring of p-adic integers.
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characteristic zero. More generally, in order to obtain an arbitrary residue
field of characteristic p, we start with a ring R, which is a discrete unramified
valuation ring of characteristic zero with prescribed residue field (*3).

Finally, the residue class ring mod p*(k >1) of a ring in class (c) gives a
ring in class (d).

The structure theorems say in effect that every complete local ring is the
homomorphic image of one of the rings which have just been explicitly de-
scribed. The proofs require a detailed analysis.

Let R be any local ring. If Fis a field contained in %, then in the homo-
morphism of R on its residue field P, F will map isomorphically on a subfield ®
of P. Thus i and P have the same characteristic. Conversely, if i and P have
the same characteristic, then % contains a field. For let Fy be the subring of
R consisting of all integral multiples of the identity. If & has characteristic
b, then F, is already a field. If 9 has characteristic zero, then so has P; F, is
isomorphic to the ring of integers and each of its elements is a unit. Thus R
contains the quotient field of F.

DeFINITION. If the local ring R contains a field F which maps modulo m
onto the entire residue field P, then F is said to be a coefficient field in R.

If 3 is the ring of power series with coefficients in a field P, then the sub-
field P of N is clearly a coefficient field in the sense just defined. But there
may well be other coefficient fields in %, and there may be fields in ® which
although having a “natural” (in some sense) connection with R, cannot be
extended to a coefficient field. Examples will be given later.

Now let % be an arbitrary local ring. Naturally & contains a coefficient
field only if & and P have the same characteristic. The converse is not true:
Let Py be the rational field, x an indeterminate over P, R the quotient ring
of Po[x] with respect to the prime ideal (x241). Then P=Py(z), >= —1, and
R surely contains no field isomorphic to P. However, for complete rings, we
have:

THEOREM 9. If R is a complete local ring which has the same characteristic
as its residue field P, then R contains a coefficient field. If the maximal ideal m
of R has a minimal basis of n elements, then R is a homomorphic image of a
formal power series ring P{xl, e, x,,} in n indeterminaltes.

The second statement of the theorem follows easily from the first. Namely,
let F be a coefficient field in &, and let m=R - (uy, - - -, #,). If cER, then
c=a(m) for some a €EF. We assert that there is a sequence {ck} such that
c=ci(m**), t EF[uy, - - -, u,]. Namely take co=a, and if cx has been de-
fined, then let c—ck=Zbgv,~, where b;ER, v; is a power product of u;, + - -, %,
of degree k+1. There existsan a;in Fsuch that b;=a;(m), c —cy=_aw:(m+?);
take cxp1=cr+2_aw;. Thus c=1lim cx, and R is the closure of Fluy, - - -, %a].
There is a unique homomorphism T of P[x;, - - -, x.] (where x1, - + -, %a

() This is discussed in §6.
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are indeterminates over P) on F[u;, - - -, #,] such that x;T=u; and T, acting
on P, is the inverse of the natural mapping of Fon P; T is clearly continuous,
where the topology of P[x;, - - -, x,] is that imposed by P{xl, Cee, Xal
Since R is complete and is the closure of Flu, - - -, u,.], and since
P{xi, - - -, x.} is the closure of P[xy, - - -, x,], T can obviously be uniquely
extended to a homomorphism of P{xy, - - -, x,} on R.

The proof of the first statement is more difficult. Any coefficient field in
must be a maximal subfield of t—that is, must not be contained in any other
subfield of i. Hence we look for such subfields.

Let F, be any field contained in ®. There exists such a field since i and
P have the same characteristic. If {F.,} is the set of all subfields of % which
contain Fy, then by Zorn’s Lemma, this set has a maximal element F; F is
a maximal subfield of & and contains F,. Let ® be the subfield of P on which
F maps.

Then P is algebraic over ®(*). Suppose not, and let a be an element of P
transcendental over ®. Let ¢ be an element of R such that ¢=a. (The bar
will be consistently used to denote residues modulo m.) Then mN F[a]= (0).
For if Y c.ai€m(c;EF), then Y cii=0; since ¢;E®, and « is transcendental
over ®, ¢;=0. Since the mapping of Fon ®is an isomorphism, ¢;=0, Y_c.ai=0.
Thus every nonzero element of F[a] is a unit in &, and R therefore con-
tains the quotient field F(a). But since a & F, this contradicts the maximal
character of F. Thus the statement is proved.

Every element of P which is not in ® is inseparable over ®. For let a be in
P and separable over ®. Suppose ¢(a) =0, where ¢(2) =2"+v1z" 1+ - - - +¥m
is an irreducible polynomial in ®[z]. Let f(z) =z™+ciz™ 14 - - - 4cn, where
¢;EF, ¢i=vi; f(2) is irreducible over F. Now since ¢(a) =0, we have ¢(2)
= (3—a)m(z), where () EP[z], and z—a and 7 (g) are relatively prime since
a is separable. Let p(z) be a polynomial in R[z] of degree not greater than
m —1 which maps mod m onto 7 (2), and let ¢ in R be such that a=a. Then
f(@)=(z—a)p(z)(m), and z—a and p(z) are relatively prime mod m. By
Hensel’'s Lemma (Theorem 4), there exist polynomials z—a; and $:1(2) in
%R [2] such that f(z) = (z—a1)p1(2). Since f(z) is irreducible over F and f(a;) =0,
F[a.] is a field containing F. Since F is maximal, a1 EF, f is linear, ¢ is linear,
acd.

Thus either P=® or P is purely inseparable over ®. If P (kence also R)
is of characteristic zero, Theorem 9 is therefore proved. It should be observed
that in this case (of characteristic zero) there is considerable latitude in gen-
eral in the choice of F. In fact, unless P is absolutely algebraic, there are
infinitely many possibilities. Namely, let a be an element of F which is tran-
scendental over the prime subfield E of F. Then every nonzero element of
Ela+cu], cEE, is a unit in R, so that R contains the field E(a+cu,) and
hence also a maximal field F, containing this one. The infinitely many fields

(1) The completeness of R is not used in the proof of this statement.
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F. are all distinct, yet each is a coefficient field in R. If on the other hand P
is absolutely algebraic, then F is uniquely determined in .

The failure of this proof for characteristic p is not merely a defect of the
method but lies in the nature of things. It will be seen in the next section
that a maximal subfield of &% need not be a coefficient field.

5. Characteristic p. In this section R is a complete local ring of arbitrary
characteristic, while P is assumed to be of characteristic p; thus pEm. The
multiplicative representatives, defined below, will be used also in the next
section.

We make certain conventions as to notation. When used as an exponent
the number p* (k an integer) will be denoted by p(k). We continue to use the
bar to denote the residue of an element modulo m, but occasionally brackets
will be used; thus @ and [a] both denote the residue modulo m of an element
ain R.

LEMMA 6. If a, bER, and a=b(m*), h >0, then aP® =phr® (mhtk)
E=1,2, .

Fora=b+4c, cEmt, a?=b?4pb?~c+ - - - +cP=b?(m**+!), and the lemma
follows by induction [12, p. 144, Lemma 8].

DEFINITION. If a € P, a multiplicative representative of o is an element a
in R such that ¢=«a and @ has a p*th root in R for every positive integer k
[12, p. 143].

This name is justified in Lemma 8.

LEMMA 7. The element a in P has a multiplicative representative if and only
if ais a p¥th power in P for every positive integer k. The multiplicative repre-
sentative of a is unique. If ® is a subfield of P which is algebraically perfect,
then every element of ® has a multiplicative representative; if F is o perfect sub-
field of R, then every element of F is the multiplicative representative of its residue.

Proof. Suppose ¢ in R is a multiplicative representative of a. Then
a=a*®, a; ER, and a=ad,**® is a p*th power in P. If also b is a multiplica-
tive representative of a, then b==05;?®, 5, ?(® =q=G,?®, b= ds, br=ar(m),
hence by Lemma 6, b?® =ga,?® (m*+), b=qa(m*+'), all k, hence b=a.

Suppose a?F isin P for every £>0; let a; in R be an element having this
asresidue. Then @iy =a?* D, [ar11?] = [aru]?=a?B = Gy, s0 arpP=ar(m).
Hence for any % (2 0) and any k >k, a3 P*+H1—M =q,2*—» (m*+1-4), Hence for
fixed k, {aw?®*M} is regular in the complete local ring R, hence has a limit
by in R. Clearly bo=>50,*® for all k, and by=q, so by is the multiplicative repre-
sentative of a.

The rest of the lemma follows directly from the definition of a perfect field.

LeEMMA 8. If a and B in P have the respective multiplicative representatives a
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and b, then af} has the multiplicative representative ab. If R is of characteristic p,
then o+ has the multiplicative representative a-+b.

For by hypothesis, a=a;?®, b=0,»®, where é¢=a, b=p. Hence
ab=(a:b)*®,and [ab]=ap. If Ris of characteristic p, then a+b= (ar+bx)?®,
and [a+b]=a+8.

If & and P are both of characteristic p and if P is algebraically perfect, then
Theorem 9 is proved. For every element of P has a multiplicative repre-
sentative in ®, and by Lemma 8 the set of all these is a field, which is then
necessarily a coefficient field.

This field is the only coefficient field in R. For if F is any such field, then F
is isomorphic to P, hence is perfect. By Lemma 7, every element of F is a
multiplicative representative, and so F consists of all these.

We see here precisely the opposite of the situation for characteristic zero:
if ® and P are of characteristic p, and P is perfect, then the “imbedding” of
P in R is unique. If P is not absolutely algebraic, then we can as above find
fields F, in 9% not contained in F. Thus F. is not contained in any coefficient
field in ®, and this shows why the method for characteristic zero fails in this
case.

The case where P is imperfect will now be considered. Recalling that p(k)
denotes p*, we define: If 4 is a subset of P, then 4?® consists of all a?®,
aEA. It is well known that P?® and P?® are fields isomorphic to P, that
the intersection P2 of all the fields P?¢ (% >0) is the largest perfect field
contained in P, and that the union P?&=) of all the fields P?¢® (& >0) is
the smallest perfect field containing P.

DEFINITION. A p-basis('®) of P is a set T of elements v, in P such that:

(@) [P?(yy, - - -, 7-):P?]=p" for any r distinct elements of T';

(b) P=Px(I").

If P is perfect, only the void set is a p-basis. But if P is imperfect, then
there exist non-void sets satisfying (a); any maximal such set (which must
exist, by Zorn's Lemma) satisfies also (b). Thus a p-basis always exists.

LeEMMA 9. If T is a p-basis for P, then P=P»*)(T') for every k >0; '*P s qa
p-basis for Pr=0,

For P=P?(T"), Pr=P»®(['?), P=Pr@(Tr, T')=P?»®(T"); now use induc-
tion. For the second statement observe that a—a?*® is an isomorphism of
P on Prt=5),

LEMMA 10. Let R be an arbitrary commutative ring with an identity,
R'=R[--, 2, ] a polynomial ring over R in a set {2.} of independent
indeterminates; let f.(3.) be a monic polynomial over N in z. of degree k, >0. If a
polynomial g( {z,}) in R’ of degree less than k. in 3, is contained in the ideal
in R’ generated by the f.(z.), then g=0.

() This definition, as well as Lemma 9, is due to Teichmiiller [12, Lemmas 9 and 10].
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Proof. Without loss of generality, we may assume that the 2, are finite
in number, R’ =R [z, - - -, 2.], and we proceed by induction, observing that
the lemma is trivial if #=1. We assume it proved for »—1 variables. Sup-
pose, then, that g&€(fy, - « -, fa), 8= rihi(z, - - -, 2.)fi(2:). Since fn(zn)
is monic of degree k,, we may assume each %; to be of degree less than
kn in 2z, (1 £2=<mn—1). Since g is of degree less than k, in z,, it fol-
lows that h.(z, - - -, 2.)=0. Now write g= gix,/, hi=2 hijx,’, where
gi hii€R [z, - - -, 3a1]. Then Do igixai=2 7D i hiifi, gi=D hifs. By in-
duction assumption g;=0, hence g=0.

As stated at the beginning of this section R is assumed complete and of
arbitrary characteristic, P is of characteristic p. Moreover we assume that P
is imperfect, for otherwise the statements which follow are vacuously true.
The symbols P, Z, PM, Py, - - - will always denote the residue fields of the
respective generalized local rings &, &, RD, Ry, - - -

LemMA 11. Let R be a complete local ring such that P is imperfect, and let
I'= {‘y,} be a p-basis for P;let ¢, in R be such that ¢, =+.. Then R can be extended
to a complete local ring Ry, unramified with respect to R, with residue field P,
and containing a pth root of every c;,.

Proof. Let ®'=R[{z,} ], where the 2, are independent indeterminates over
R in 1-1 correspondence with the c,. Let %'’ be the residue class ring of R’
with respect to the ideal generated by all the polynomials 2,?—c¢,. Lemma 10
implies that R’/ contains a subring isomorphic to i and we identify this sub-
ring with R. If a, is the residue class of z,, then R"’=R[{a.}], a.?=c..

If{as, - - - ,a.} is any finite set of the a,, then R =R]ay, - - -, a,] is a
local ring u.w.r.t. & and with residue field P =P(y,?D, . . . 4,2D) This
is trivial for #=0, and we assume it proved for #—1. Then R™ =91 [q,],
and we apply Lemma 4 of Part I. The element a, is a root of 22 —¢,, but (by
Lemma 10) of no equation of lower degree. Moreover 2? — ¢, =32? —+,, is irre-
ducible over P(*=V/ for otherwise v,?VE P =P (3, 7D, . . . |4, 17CD),
YaEP(Y, - -, Yac1), [PP(y1, - - -, ¥a):P?] <p!, contradicting condition
(a) in the definition of a p-basis. Lemma 4 now implies that R is a local ring
uw.r.t. R=Y, and P® = P(=D[g,] = P=D [y, 2D ] = P(y,2D, . . . 4,2CD),
Since RV is u.w.r.t. R, sois R™, by the transitivity of this relation.

Thus every ring R[a.,, - - -, a.,] is a local ring u.w.r.t. % and with residue
field P(y,,»<Y, - - -, 4., 7CV); here {a,l, e, a,,,} is any finite subset of
{a.}. It is also clear that such a ring is u.w.r.t. R[a., - - -, a,, ] if m <n. We
now apply Lemma 3 with these rings as the R, and with R’/ as &. Thus
RN’ is a generalized local ring, u.w.r.t. R and having residue field P’/
=P([?»D)=Pr-D_If R, is the completion of R/, then the lemma is proved,
in view of Theorems 2 and 3.

LeMMA 12. Under the hypothesis of Lemma 11, R can be extended to a com-
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plete local ring &, u.w.r.t. R, with residue field Z=P?); moreover ¢, will be
the multiplicative representative in & of v,.

Proof. The ring R, of Lemma 11 satisfies the same conditions as R; a
p-basis for Py is T'?D= {4,721}, the element(’) a,=c,»~» maps into
.7V, The application of Lemma 11 to R, yields a complete local ring
Re, u.w.r.t. R (and hence u.w.r.t. R also), P,=P;»-D=Pr»-2 and R, con-
tains a pth root(®) ¢,#“? of ¢,»Y. Continuing in this way, a sequence
RCRICRC - - - CRxC - - - is obtained in which R is a complete local
ring u.w.r.t. all preceding R; and R, Pr=P?»H R, contains ¢, whose
residue is .79, If &, is the union of all the Ry, then by Lemma 3, S, is
a generalized local ring, u.w.r.t. ®. If & is the completion of &Sy, then by
Theorems 2 and 3, & is a local ring which is u.w.r.t. ®. Moreover, the residue
field Z=3¢=UP;=P?), Clearly & contains ¢,?* for all k, and so ¢, is
the multiplicative representative of v;.

For the applications of Lemma 12 it is necessary to observe that we have
actually proved it in the following more precise form:

Let B be a homomorphism of # modulo m on a field P, and let 2 be the
minimal perfect extension of P. Then R can be extended to a complete local
ring &, u.w.r.t. R, and B can be extended to a homomorphism of & (mod-
ulo M) on Z.

We can now complete the proof of Theorem 9; we consider namely, the
case where i and P are both of characteristic ¢, and P is imperfect.

Since the complete local ring &€ of Lemma 12 has a perfect residue field
2, the set S of all multiplicative representatives in & of elements of 2 is a
coefficient field in &. Let R be the subfield of S which corresponds to P.
Then Theorem 9 is proved if it can be shown that RCR. Hence suppose ¢ ER;
then for a fixed k, aEP=P?»*(T') (Lemma 9), and a¢?—» cP(I'?~»). Hence
there is an a; in R[{c,»P}] such that ai=a?"®. Thus d= [a?—P],
ar=arP (M), a,*® =a(M?®). Thus a=lim a,»®; since a,*P cR*® [{c,}]
C R, and since R is complete, hence closed in &, it follows that a ER, as was
to be proved.

The demonstration of Theorem 9 is now complete in all cases. A more com-
plete statement can be made as follows:

THEOREM 10. Let R be the coefficient field referred to in Theorem 9. Then:

(@) If P is of characteristic zero, R may be chosen as any maximal subfield
of R; it is unique if P-is absolutely algebraic, and may be selected in infinitely
many ways otherwise.

(b) If P is of characteristic p and is perfect, then R is unique and consists of

(26) Since R need not be of characteristic p, pth roots need not be unique and it may seem
that the notation ¢,#~® is ambiguous. However the method of construction of R selects one
of the p*th roots of ¢, so that it is, in fact, a pth root of ¢,P(=¥+D,
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the multiplicative representatives of the elements of P; R contains every perfect
subfield of R.

(c) If P is of characteristic p and is imperfect, then R may be chosen in
infinitely many ways; it must contain every perfect subfield of R; but a maximal
subfield of N need not be a coefficient field even though it contains the largest
perfect subfield of R.

Proof. Parts (a) and (b) have been proved. We consider the case where P
is imperfect. Let R be any coefficient field in & and F any perfect subfield
of R. If F maps onto the subfield & of P, let F’ be the subfield of R corre-
sponding to ®. By Lemma 7, Fand F’ consist of the multiplicative representa-
tives of the residues of their elements, and these residues are in both cases the
elements of ®; hence F=F'CR. The maximal perfect subfield of & is thus
the same as the maximal perfect subfield of R, namely R?®, which is there-
fore independent of the particular coefficient field chosen.

The particular coefficient field R constructed in the proof of Theorem 9
is such that (by Lemma 12) it must contain every ¢,. But in the choice of ¢,
there was considerable arbitrariness since it was required only that &=+,
(Lemma 11). Let d, be another element of i having the residue v,; then there
is a coefficient field R’ containing d.. Naturally R R’ since ¢, —d, is a non-
unit. Obviously this method will yield infinitely many distinct coefficient
fields.

Let F be the maximal perfect subfield of R. For a fixed 7, let d=¢,?+u,
(uyis an element in a minimal basis of m). Since d=",?, which is transcenden-
tal over P»®), F[d]Nm= (0), so that N contains the quotient field F(d) and
hence contains also a maximal field R’ containing F(d). We assert that R’ is
not a coefficient field. For if it were, then, being isomorphic to P, it would
contain an element a such that a?=d. So a=1v,, a=c,(m), d=a?=c,?(m?),
u,Em?, which is false. The last statement is thereby proved.

This last statement may be illustrated by an example, which shows also
that even a “natural” subfield of ;& need not be extendable to a coefficient
field. Let A be an imperfect field, @ an element of A having no pth root in A.
In the polynomial ring A [z] the ideal (27 —a) is prime; form the quotient ring
of A[z] with respect to (2 —a) and let 3 be the completion of this quotient
ring. Then P=A(a?""), and since a#2z?7(m?), it follows easily, as in the above
proof, that a is not contained in a coefficient field in R, Hence A is not con-
tained in any such field, although A would seem to have an intrinsic connec-
tion with %.

COROLLARY. Let R and & be two complete local rings such that RS and
MR =m; let R and S be respective coefficient fields in R and ©. If P is perfect,
then R and S may be selected so that RC.S. If P is imperfect, then R and S cannot
always be so selected.

Proof. Since MNR =m, we have PCZ. If P is of characteristic zero, let R
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be any coefficient field in %; then R is contained in some maximal subfield S
of &. If P is of characteristic p and perfect, then so is the (uniquely deter-
mined) coefficient field R in R, and R is contained in any coefficient field in &,
by (b) and (c).

To show the truth of the last statement, consider the example preceding
the corollary. Let A’ be the smallest perfect extension of A, and let a=a?,
aEA’. Let Ry and S, be the quotient rings of A[z] and A’[z] with respect to
(2»—a) and (z3—a) respectively. Then RoC&So and &, is concordant with R,
hence RC.S, where i and & are the completions. Now 2 is isomorphic to A’,
which is perfect, and hence A’ is the only coefficient field in &, by (b). But A’
can contain no coefficient field R of R, for if it did, then e €R, which we have
seen to be impossible.

6. The unequal-characteristic case. Throughout this section i will always
be a complete local ring whose residue field P has characteristic . The char-
acteristic of 9t may be either zero or a power of p. If it is p itself then we have
Case (b) of §4, and Theorem 11 will imply a proof of Theorem 9 for Case (b).
The proof given in the previous section, however, was far simpler than that
of Theorem 11. In any case there is little duplication since the lemmas of the
previous section are needed in the present one.

The essential feature here will be the imbedding in R of a “coefficient
ring” by analogy with the imbedding of the residue field in the equal charac-
teristic case. This ring will be obtained from a complete, discrete, unramified
valuation ring of characteristic zero with residue field of characteristic p. Such
rings (referred to hereafter simply as v-rings) may be characterized as complete
local rings which are of characteristic zero and have no zero-divisors and in which
the maximal ideal is generated by an ordinary prime number p. For if B is a
local ring of this description, then every ¢ in 2B is of the form ep* where e
is a unit, 220. Defining v(a) =% we have a discrete valuation of $ in which
9B is complete; if v is extended to the quotient field of %B, then B is the valua-
tion ring. Since v(p) =1 it follows that the residue field is of characteristic p
and that 9B is unramified; thus 8 is a v-ring. Conversely, it is obvious that a
v-ring is always a local ring of this type.

We shall make use of the following lemma:

LeEMMA 13. If P is an arbitrary field of characteristic p, then there exists a
v-ring B with a residue field isomorphic to P.

This fundamental existence theorem is due to Hasse and Schmidt [3,
Theorem 20, p. 63]. A particularly simple proof was given by MacLane [9,
Theorem 2].

The imbedding theorem can now be proved:

THEOREM 11. Let R be a complete local ring with residue field P of charac-
teristic p. Then R is concordant with a certain subring which is the homomorphic
map of a v-ring and which has P as residue field.
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Proof. To begin with, suppose there is given a v-ring 8 and a homomor-
phism T of 8B on a subring R of R. Then R is a complete local ring whose maxi-
mal ideal is generated by the element p (that is, by the p-fold of the identity
of ). If R has characteristic zero, then T is an isomorphism; if it has charac-
teristic p, then R is isomorphic to the residue field of B; if the characteristic
is p* (R >1), then (R-p)*=(0), so that the topology of R is discrete—and
hence the completeness trivial. In any case the maximal ideal R-p of R is
contained in m (the maximal ideal of %), so that

mMNR=R-p.

It follows from Theorem 6 that R is concordant with R. Thus if a subring R
of R is the map of a v-ring, then it is necessarily concordant with ®. The
residue field of R may then be considered a subfield of P, and the theorem
states that R can be so selected that this residue field is P itself.

We now proceed to the construction and assume first that P is perfect.

According to Lemma 13, there exists a v-ring 8 with residue field =2P;
thus there is a homomorphism 4 of 8 on P with kernel L:p. The ring B
contains the ring & of ordinary integers and we can map & by a homomor-
phism T on the ring I generated in & by the identity. If B denotes the natural
mapping of R on P, then both 4 and TB map & on the prime subfield P,
of P. Since a prime field has no automorphisms, 4 and 7B must be equal on J.
The quotient ring (') of & with respect to the prime ideal J-p is a local ring
which is concordant with 8 (by Theorem 6) and its closure in B is clearly a
v-ring Bo which is concordant with B. (In fact LB is unramified with respect
to Bo.) Similarly the quotient ring of I with respect to I-p is concordant
with & and so is its closure Ry. Now it is clearly possible to extend T to a
mapping of the one quotient ring on the other, and thence by continuity to a
mapping of By on Ryo; this last extension is possible because Ry is complete.

We thus have a v-ring 8o in B and a mapping T of Lo on a subring R,
of ¢ ; the mappings 4 and TB coincide on Bp and map it onto the prime sub-
field P, of P.

LetH= {7,} be a transcendence basis for P over P,—that is, a set of ele-
ments of P which are algebraically independent over Py and such that P is
algebraic over Po(H). Since P is perfect it contains all roots 1,7* and hence
also the subfield Py=Po(H?=) generated by these roots. The subfield P; is
perfect and so P is separable over Pi.

It follows from Lemma 7 that since P is perfect each 7, has a multiplica-
tive representative v, in 8 and a multiplicative representative y, in . More-
over each 7, has a multiplicative representative v in £, and by Lemma 8,
pPM =9 _ so that we may denote the multiplicative representative of 5.?=*
in B by v,7®. Similarly the representative of #.7*® in 3 is denoted by
9,20, Let Y={y.}, V= {o.}.

Now the elements v, are algebraically independent over L. For if f(V) =0,
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where f is a polynomial with coefficients in B, then we may assume (since 8
has no zero-divisors) that at least one coefficient is not divisible by p, hence
is a unit. Mapping this relation by 4 into P, we would get an algebraic rela-
tion among the 7, over Po. Thus the v, are independent. Hence the mapping
T can be extended to a homomorphism of Bo[V] on Ro[¥] such that v, T=y,.
We assert that

(19) MmN R[Y] = Ro[V]-p, B-pNBo[V] = Bo[V]-p.

For if g(V)&Em, where g is a polynomial with coefficients in Ry, then all co-
efficients must be divisible by p; namely, if they are not then mapping by B
into P gives an algebraic relation among the %,. Similarly for the other rela-
tion.

In the same way we proceed with the elements of H?¢-V = {17,1’(‘“ } . They
also form a transcendence basis for P over Po. Hence as above we may extend
T to a mapping of Be[V?D] on Re[V?-V] such that 9,?VT =y, »D ¢t
is clear that, these two extensions of T agree on B,[V]. Continuing in this
way we extend T to a mapping of L’ on R’, where 8’ is the union of the rings
Lo [VP»] for all k, and similarly for R’. From (19) and analogous relations
for Re[Y?®] and Bo[V*—P ], we conclude that

MAR =R-p, BpNY =B'p,

so that & and B contain the quotient rings R’’ and B’/ of R’ and B’ with re-
spect to R’-p and B’- p respectively. In the mapping T of B’ on R’ the ideals
LB’-p and R’-p correspond, and therefore T can be extended to a mapping
of B’ on R’’. Now LB’' and R’’ are local rings concordant with 8 and R
respectively. If 8, and R; denote their closures in 8 and R, then %, is a v-ring,
R, is complete, and so, finally, T can be extended by continuity to a mapping
of B, on R,.

At this point we have: L, is a v-ring in %, and T is a homomorphism of B,
into R; the mappings 4 and T'B of 2B, on P; coincide. (This last statement fol-
lows from the method of construction of T.)

Consider now the set E of all pairs (8B,, T,), where 8, is a v-ring such
that B, CB, B, and T, is a homomorphism of B, into R such that T,=T
on B, and A=T,B on B,. Let (B, T,)<(LB,, T,) be defined to mean that
B, B, and that T, is an extension of T,; thus E is a partially ordered set.
We wish to apply Zorn’s Lemma to this set and must verify that every simply
ordered subset E’ of E has an upper bound in E. Consider all those %, such
that (%B,, T,) €EE’. (Note that if also (B,, T,) €E’, and B,=B,, then T,=T,,
since E’ is simply ordered.) Then {%,} is a set which is simply ordered
by inclusion, and each %, is certainly unramified with respect to each B,
in this set which precedes it; we may assume that (8;, T)EE’. By Lemma 3
(§3), it follows that the union B* of all these B, is a generalized local ring
(it is, in fact, a local ring, but not complete in general) with maximal ideal
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LB*- p. Evidently 8 is unramified with respect to 8*, and therefore the closure
B, of B* in B is the completion of B*; hence B, is a v-ring. If B, CRB,, then
T, is an extension of T,, so that there is a mapping T* of B* into R such
that T* is an extension of each T,, and A=T*B on B*. Finally T* can be
extended to a mapping T, of B, by continuity, since R is complete, and
A=T,B on B,. Thus (B,, T,) is an upper bound of E’ in E.

Zorn’s Lemma implies the existence of a maximal pair (8, T,) in E. We
assert that B,=B. For suppose that B,C B properly. It follows from the
corollary to Theorem 8 that P,CP properly, where P,= 8,4. Since L1 B,
P,CP, and P is separably algebraic over P,,.

Let « be in P but not in P, let ¢(2) be the irreducible monic polynomial
over P, of which « is a root. Let f(z) be a monic polynomial over 2B, of the
same degree as ¢(z), and whose coefficients map into those of ¢(3). Let g(z)
be the polynomial over i which corresponds to f(z) under T, ; then g(z) maps
under B onto ¢(z), since 4 =T,B. By Hensel’'s Lemma (Theorem 4) there is
an element ¢ in L such that f(a) =0 and an element ¢ in R such that g(¢) =0,
and ¢4 =cB=c. (The details are as in the proof of Theorem 9.) Then T,
can be extended to a mapping T. of B. =B,[a] into R such that aT., =c.
By Lemma 4, B, is again a v-ring, and clearly 4 =T B. Hence (8., T.J ) isin
the set E and properly follows (8., T.). Since this pair was maximal, there
is a contradiction, and LB,=NB.

Thus LB is mapped homomorphically in R, and the proof is complete for
the case that P is perfect.

It will be observed that the proof we have given yields also the following,
at least for perfect residue fields:

COROLLARY 1. Let R be a complete local ring, B the natural mapping of R
on its residue field P, assumed to be of characteristic p. Let B be a v-ring and A
a homomorphism of B on P with kernel B-p. Then there is a homomorphism T
of B in R such that A =TB.

We now turn to the case where P is not perfect. We wish to include a proof
of the corollary as well. Hence let 8 be any v-ring satisfying the hypothesis
of the corollary. That at least one such ring exists is implied by Lemma 13.
If the required mapping can be found then also the theorem will be proved.

Let I'= {'y,} be a p-basis of P; let ¢, in R and w, in B be such that
¢:B=w,4 =+, By Lemma 12, R is contained in a complete local ring & with
residue field 2 equal to the smallest perfect field containing P, and ¢, is the
multiplicative representative in & of 7y,. Moreover B is extended to a mapping
of & on Z. Similarly, 8 can be extended to a complete local ring B u.w.r.t. B,
and 4 can be extended to a mapping of B on 2 with kernel W p; w, will be
the multiplicative representative of v, in L. It is immediate that B is a v-ring.

Since the residue field 2 is perfect, it follows from the corollary that there
is a homomorphism T of B into & such that A=TB on W. Necessarily
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w,T=c, since w, and ¢, are both multiplicative representatives of v,. Namely,
w,A =+., hence (w,T)B=%,, and w, T = (w,?MT)?® js a p*th power in &;
thus the multiplicative representative of v, in & is w,T. Hence this must
equal c,. '

If it can now be proved that T maps the subring 8 into R, then the proof
is complete. So let v be an arbitrary element of 2; we shall show that vT is
in R. Since R is complete, hence closed in &, it is sufficient to find a sequence
of elements a¢; in R such that vT=a,(M*) (k=1, 2, - - - ), where I 'is the
maximal ideal of &.

Since vE D, ‘we have v4 EP, yTBEP; since RB=DP, there is an a; in R
such that a;=9vT(IM). We now proceed by induction to define ax;1. Since
vA EP=P?*®)(T') (Lemma 9), v4 =¢(T'), where ¢ is a polynomial with coeffi-
cients 87(®, BEP. Replacing each 8 by an element & in 8B such that 4 =8,
we get v=f(W)(8B-p), where f is a polynomial with coefficients b7»®, b& B,
and W= {w,}. Thus

v = (W) 4 up, u & Q.

For each b there is a b; in &% such that b7 =5b,(IN) hence (bT) »¥ = p, 27 (JRF+1),
Replacing each coefficient 57 of f by 5,7, we get a polynomial g over R

such that
JOV)T = g(C)(M*+Y),
where C= {c,}. By induction assumption there is a #; in & such that
ul = u,(IM*).
Combining the last three congruences we obtain
oT = g(C) + uxp(M*+1).

We may take the right-hand side to be a4, since it is in R, and thus the in-
duction is complete.
Theorem 11 and Corollary 1 are now completely proved.

COROLLARY 2. Given two v-rings B and B with an isomorphism between their
residue fields, there is an isomorphism of B with L which preserves the mapping
of the residue fields.

This follows from Corollary 1 together with the corollary to Theorem 8.
Corollary 2 is one of the fundamental uniqueness theorems of Hasse and
Schmidt [3, Theorem 19, p. 63] for valuation rings. The simplest proof of this
result is due to MacLane [9, Theorem 8, Corollary 1], and our proof of Theo-
rem 11 is essentially a generalization of this proof of MacLane’s. If one is
dealing only with v-rings, then the use of g.l.r.’s can be avoided because of the
evident fact that a g.l.r. whose maximal ideal is principal is a local ring.

COROLLARY 3. 4 complete local ring whose maximal ideal is generated by the
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prime number p is a homomorphic map of a v-ring with the same residue field.

THEOREM 12. Let R be a complete local ring with residue field P of charac-
teristic p. If the maximal ideal m of R has a minimal basis of n elements then RN
1s @ homomorphic image of a formal power series ring S in n indeterminates
over a v-ring whose residue field is P. If p#£0(m?), then & may be taken as a
ring in only n—1 indeterminates.

Proof. There exists, by Theorem 11, a v-ring B with residue field P, and
a homomorphism T of B on a subring R of R.

Let m=R- (41, - - -, #.). Since R contains at least one representative of
every residue class in P, it can be proved exactly as in Theorem 9 that R is
the closure of R[us, - - -, %.]. Now T can be extended to a homomorphism of
B[xy, - - -, x,] (where xy, - - -, x, are indeterminates) on R[uy, - - -, #%a],
and thence by continuity to a mapping of 8 {xl, cee, x,.} on K.

If p£0(m?), then p may be taken as an element in a minimal basis, say

=p. Then Rluy, - - -, #a]=R[us, - - -, o], Blxs, -+ -, xa1] can be
mapped on this ring, and the mapping extended to %{xl, SR xn_l}.

THEOREM 13. Let R be the subring referred to in Theorem 11. Then R is
uniquely determined if P is perfect or if m=R-p. Otherwise, infinitely many
choices are available for R. If & is a complete local ring containing R and con-
cordant with it, then any corresponding subring S of © contains R, provided P
is perfect.

Proof. R is a complete local ring with maximal ideal R-p and residue
field P. If P is perfect, then the multiplicative representatives of elements
of P lie in R. It is then easy to see that R consists precisely of the sums of all
“power series” D s oaxp*¥, where a; is a multiplicative representative. Since
R is thereby characterized within & in an invariant way, it is uniquely deter-
mined. If & contains and is concordant with &, then Z2DP, and if S is a sub-
ring of & which is the map of a v-ring, then S is complete and has 2 as residue
field. Hence S contains multiplicative representatives for elements of P, so .S
contains all quantities »_a,p*—that is, SOR.

If P is not perfect, we proceed as in Theorem 10. By the construction in
Theorem 11, the subring R contains each ¢,. But ¢, was any representative
of v, in R. Now if d is a non-unit of R which is not in R p, then we may re-
place ¢, by ¢,+bd (bER), and there is a ring R containing ¢,+bd. But R can-
not contain also ¢,4b’d if b#b’(m), for if it did, then (b—b')dER-pCR-p,
dER - p, a contradiction. Since infinitely many incongruent values of b are
available, the statement is proved.

If m=%R-p, then, of course, R must equal R and hence is unique.

DEFINITION. If the local ring R contains a ring R which is either a v-ring or
a field and which maps modulo m on the entire residue field of &, then R is
said to be a coefficient ring in R.
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A coefficient field (as defined in §4) is a coefficient ring, and a coefficient
ring which happens to be a field is a coefficient field. We have thus proved
that every complete local ring not of characteristic p* (¢ >1) contains a co-
efficient ring. Moreover the ring of all formal power series over a v-ring (or a
field) has this v-ring (or field) as a coefficient ring.

Parr 111
7. Regular local rings. As usual, let R denote a local ring, m its maximal
ideal, {ul, Uz, - - -, u,.} a minimal basis for m.

DEerFINITION. The local ring R is said to be regular(?) if for every positive
integer k and for every form ¢ (in # variables) of degree & whose coefficients
are in R but not all in m, it is true that

¢(u1v ) un) # O(mk+l).
In order that R be a regular local ring it is clearly sufficient that
o(uy, -+, u,) #0

for any form ¢ of the above description.

The following statements are easily proved: In view of Lemma 2 the
criterion for a local ring R to be regular does not depend on the particular
minimal basis. If the condition of the definition is satisfied for an arbitrary
basis of m, then this basis is necessarily minimal and the local ring is regular.
If, in the regular local ring R, a is exactly divisible by m*—that is, if a =0(m?),
a#0(m**1)—and if b is exactly divisible by m*, then ab is exactly divisible
by m**+*. Hence a regular local ring has no zero-divisors. The completion of a
regular local ring is also regular (following from equation (3) of Theorem 2).

In the proof of the next theorem we make use of the remarks at th'e end of
§1. First, however, we need a lemma, which is of some interest in itself.

LeMMA 14. Let R be a commutative ring with identity element, R'=R[z],
where 2 is an indeterminate. If a and b are ideals in R, then

R-@Nbh) =R-aNR'-b, R-aNR=a.

If q is primary with associated prime p, then R'- q is primary with R'-p as its
prime. If f(2) is a zero-divisor in R’ then there exists an element ¢ 0 in R such
that cf(z) =0(7).

Proof. Since the elements of R’-a are those and only those of the form
Eakz", ax&a, the first statement is trivial.

Clearly R’-qCR’-p and a power of every element of R’ -p is in R’-q. It
remains to show that f(z)g(z)ER’-q, f(z)ER’-p implies g(z) ER’-q. Let
f&) =D a3, g(z)=2_biz' (a;, b;ER), and suppose that ao, a1, - * * , Em1EDP,

(17) A direct proof of this last statement was given by McCoy [10, Theorem 2].
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an&y. If a=R-(ao, a1, - - *, @Gm-1) then a*Cq for some k; placing q;=q:a**
(z=0,1, - - -, k), we have aq; S qi+1, Go=R, qr=q. Proceeding by induction
we assume gER’- q; and prove gER’ - ;1. If it is not, let b, be the first b; not
in q:11. For the coefficient of z#t* in fg we have

cc + am-—lbn+1 + ambn + a"m+lbn—1 + R E Qit1.

All terms following @b, are in §:41; so are those preceding it since gER’- q;
implies b;E€ q:, and aq; E qi41. Thus ambs € q:41, which is impossible since a,. € p,
b€k Qiga.

For the last statement we may assume that the basis theorem holds in R.
For if it does not, suppose fg=0, gER’, g#=0. If R, is the smallest subring of R
containing the identity and the coefficients of f and g, then f is a zero-divisor
in 9:[z]. Since the basis theorem holds in 9, our assumption is justified.

Let (0)=aqM - - - Mg, be an irredundant primary decomposition of (0)
in 9N, and let p; be the associated prime ideal of q;. The first part of the
lemma implies that (0)=R"-q/N - - - MR’ q, is an irredundant primary de-
composition of (0) in R’, and so R’ py, + - -, R’ p, are the prime ideals of (0).
Now if f is a zero-divisor, then (0):(f) #(0), so that f is in some R’ p;. Thus
the coefficients of f are in p; and are annihilated by a single element c.

THEOREM 14. 4 necessary and sufficient condition that the local ring R be
regular is that its dimension be equal to the number of elements in a minimal basis
of its maximal ideal. In any case the dimension can be at most this number.

Proof. Let m= (41, - - +, #,) and assume this basis is minimal. By the
theorem of Krull quoted in §1 the dimension of 3 is at most n.

Assume first that R is regular; then we prove that the ideals (0) and
(uy, Uz, =+ -, u:),4=1, - - -, m, give a chain of n+1 prime ideals, so that the
dimension of R is at least #. Observing that this is trivial for n=1 we proceed
by induction. Let R’ =R/(u1); if m’ is the maximal ideal of the local ring R’,
then m’=R'-(us, - - -, 4 ) and this basis is minimal (dashes indicate resi-
due classes mod (#1)). Now 9’ is regular, for suppose that ¢’ is a form of
degree k in n—1 letters with coefficients in R’ but not all in m’, and that
¢ (ud, - -, ui)=0.1f ¢ is the form of degree k obtained by replacing each
coefficient of ¢’ by one of its representatives in R, then ¢(us, + - -, %.) =au,
aER. If a€Em*!, a=yY(uy, - - -, u,), where ¢ is a form of degree k—1, then
d(ug, -+ -, u,) —unp(uy, - - -, u,) =0. But this is impossible since 3 is regular
and not all the coefficients of ¢ —u; (as a form of degree k) are in m. Hence
if a is exactly divisible by m*, then kh <k—1; writing a=y/(u,, - - - , u,,), where
¢ is of degree k, we have upgy(uy, « + +, u,) Em*+2, Since N is regular the co-
efficients of ¢ must be in m, implying a ©€m*+1. This contradiction shows that
R’ is regular, so that (0) and (s, « - -, u!),2=2, - - -, n, give a chain of n
prime ideals by the induction hypothesis. Hence (u1, ue, - -+, u:), 1=1, 2,

-+, m, are prime.
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Assume now that R is of dimension #. Suppose ¢ is a form of degree &
over R such that Y (u, - « -, #,) =0. If a is the coefficient of u;*, then

aur* € (ua, * + -, Un).

If agm, then 4,*E (s, - - -, u,). Then if p is any minimal prime ideal of
(uz, * + +, %a), then #;Ep, p=m. But by Krull's theorem the rank of p is at
most # —1, whereas m has been assumed of rank #. Hence a €my We now show
that every coefficient of ¢ is in m.

Let u.~=2§‘_lc,~fv,', where ¢;;ENR, lc,-jl &m; then m= (v, - - -, v,) (Lemma
2). Substituting in /(%) =0, we obtain
¢(uly°" vun) =¢(vlt"'yvn) = 0.
Here ¢ is a form of degree k in which the coefficient of v is Y(cu, « - -, €a1)-

By what has just been proved, this coefficient is in m. Hence if ¢ is the form
obtained by reducing the coefficients of ¥ mod m, then ¢(éu, - - -, €au)=0.
This is true for all constants ¢y, - + -, ¢, in P, for if at least one ¢;; 0, we can
find a matrix (c;;) such that I c;,-| & m. If, now, the residue field P has infinitely
many elements, then every coefficient of ¥ is zero, hence every coefficient of ¥
is in m, as was to be proved. The proof is thus complete if P is infinite.

If P is finite, let R’=%R[2] where z is an indeterminate. By Lemma 14
every zero-divisor in i’ has coefficients which are all zero-divisors and hence
is in ®’-m. Thus we may form the quotient ring R’/ of R’ with respect to
R’-m (which is prime by Lemma 14). The ring %’/ will be a local ring with
maximal ideal R’/ -m=RN""-(u1, - - -, %.), and so the dimension of R’/ is at
most 7. Since R is of dimension 7, there exists a chain of prime ideals

MDD Pac1 D Pa2z2 D D Yo
By Lemma 14 and the known properties of quotient rings(!!) the chain
mll.m :) SR//‘p”_l D m”'pn—z D e . D ml/.po

consists of distinct prime ideals, and R’/ is thus exactly of dimension #; more-
over the above basis of R’/-m is minimal. But the residue field of R’/ is infi-
nite (for it is a simple transcendental extension of P) and hence N’/ is regular.
Since R’/-m and m have the same minimal basis, and since R’/-mMNR =m, it
follows that also R is regular.

COROLLARY. If R is a regular local ring and m= (w1, - - -, u,) then for
1=1,2, -+ -, ntheideal (u1, - - -, u;) 1s prime of rank ¢ and dimension n—i,
and R/ (uy, - -+, ;) 1s a regular local ring.

Proof. From the induction at the beginning of the proof of the theorem
it follows that 9t/(u1, - - -, ;) is a regular local ring of dimension #» —1; hence
(#1, + - -, u;) is prime of dimension n—4. The rank of this ideal is at least 1,
and it cannot be more since the dimension of R is ».
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We have here tacitly made use of the following remarks:

If a and b are ideals in the local ring R, a b, then the dimension of b in R
is equal to the dimension of b/a in R/a. In particular, the dimension of a is
equal to the dimension of the ring R/a.

This follows immediately from the 1-1 correspondence between the prime
ideals p in R containing b and the prime ideals p/a in R/a containing b/a.
These remarks will often be used in what follows.

Since a regular local ring % has no zero-divisors, it must be of charac-
teristic zero or p. If it is of characteristic zero and its residue field P is of
characteristic p, then p=0(m). If px£0(m?), then R is said to be unramified.
It will be convenient to call ® unramified also in the case where R and P
have the same characteristic. If & is unramified then so is its completion; this
follows from equation (3). Recalling the definition of “v-ring” given in the
previous section, we see that a v-ring is simply an unramified complete regular
local ring of dimension one whose characteristic is different from that of its resi-
due field.

THEOREM 15. Let R be a complete regular local ring of dimension n, P its
residue field. If R and P have the same characteristic, then R is isomorphic to
a formal power series ring over P in n variables. If R and P have different char-
acteristics and R is unramified, then it is isomorphic to a formal power series
ring in n— 1 variables over a v-ring of residue field P(*8). Conversely, such power
series rings are unramified complete regular local rings of dimension n and of
residue field P.

Proof. We first consider the converse. If 8 is a v-ring, then by Lemma 5

(§4) the power series ring &=B{x1, - - -, .1} is a complete local ring
with maximal ideal I = (x1, - - -, xa-1, ) and residue field equal to that of
LB, and the indicated basis of I is minimal. It is clear that the ideals
(%1, %2, + -+, %5),2=1,2, - - -, m—1, are prime and so together with (0) and

I we have a chain of 41 prime ideals. Theorem 14 implies that & is regu-
lar and of dimension %. If the coefficient domain is a field then the proof is
similar.

For the first part of the theorem observe that the maximal ideal m of R
has a basis of # elements: m= (%, - - -, %,). By Theorems 9 and 12, R is a
homomorphic map of one of the indicated power series rings &. Since &% has
no zero-divisors the kernel of this homomorphism is a prime ideal p in &,
and the dimension of p must equal that of R, hence p has dimension n. But
it has just been shown that & has dimension #. Thus p=(0) and the mapping
is an isomorphism.

The fact that the mapping is isomorphic can also be concluded directly
from the fact that R is regular.

('®) An example at the end of this section shows that no power series representation is in
general possible in the ramified case.
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DEFINITION. A p-adic ring is an unramified complete regular local ring.

COROLLARY 1. Two p-adic rings having the same characteristic, dimension,
and residue field are isomorphic.

This follows from the theorem and from Corollary 2 of Theorem 11 (§6).

COROLLARY 2. Every complete local ring is the homomorphic map of a p-adic
ring.

This follows from Theorems 9 and 12 and the present theorem.

COROLLARY 3. A ramified complete regular local ring R of dimension n is a
homomorphic image of an (n+1)-dimensional p-adic ring © modulo the prime
principal ideal generated by an element of a minimal basis of the maximal ideal

of &.

Proof. By Theorem 14 the maximal ideal m of R has a basis of # elements;
hence, by Theorems 12 and 15, R is a homomorphic map of a p-adic ring & of
dimension n41. The kernel p of this mapping is a prime ideal of dimension
n, hence must be a minimal prime ideal of &. If IR is the maximal ideal of &,
then MM = (u1, - - -, #ns1). The maps of these mod p form a basis for m, hence
one of them—say the map of #,,.1—is in the ideal generated by the rest. So
there exist elements a4, - - -, @, in & such that u, 1 —a1u1— - - -+ —a,u, Ep.
This element may replace #,41 in the basis for % hence by the corollary to
Theorem 14 it generates a prime ideal; since this ideal is contained in p, which
is minimal, the required conclusion follows.

LEMMA 15. Let R be a local ring of dimension r (>0), a an ideal in R of rank
not less than s, 0 <s <r. Then there exists a minimal basis {ul, cee, un} for m
such that (a, %ss1, - - - , Ur) 1S @ primary ideal belonging to m. Moreover, if s >0,
this basis may be taken to include any prescribed element in a which is not in m2

Proof. We recall that the rank of an ideal is the minimum of the ranks of
its associated prime ideals.

For each ¢ (i=s, s+1, - - -, r) we show the existence of a minimal basis
{xl, cee, x,.} of m such that (a, .41, - - -, %) is of rank not less than ¢ and
x1 is the prescribed element (if any) of a. For ¢=7 this gives the desired con-
clusion. We proceed by induction, assuming the existence for some 1, ¢ <7 (and
observing that it is trivial for 1=s).

If (a, %441, - - -, %:) hasrank greater than 4, then so does (a, %411, + * -, %i11),
and the induction argument is complete. Otherwise, let p;, - - -, ps be those
prime ideals of (a, %41, - - - , x;) which are of rank 7. No one of them can con-
tain another, and since each is distinct from m (for 2 <r) none of them can con-
tain all the x; Thus for some m, xn.€Ep; renumber the p; so that
Xm@EDL, © 0y Pk XmEPks1, - ¢ -, Pa (1 Sk =h). For each j=k+1, - - -, hlet
m(j) be such that x.()€p; and let ¢; be in N,.»: but not in p;; then
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X! =2m+2 h141C%m (i iS in none of Py, - - -, Pa. Since m(j) =m we still have
a basis for m if x, is replaced by x,/, and since m #s41, . - -, 4, the ele-
ments ¥,41, - - -, &; are still present in the new basis. Since x,/ is in no p;,
(a, %441, * + +, Xi, X ) has rank not less than ¢41. If x;Eq, then m %1, and so
x4 is still present in the new basis. This completes the induction, if we imagine
the x’s renumbered so that x,/ and x,,, are interchanged. This causes no diffi-
culty, except that the preferred role of xi is disturbed if s+1=1; however,
this can happen only if s=0, in which case x; plays no exceptional part.

THEOREM 16. Let R be a complete local ring; in the unequal-characteristic
case let it be assumed that R-p is of rank one. Then R is a finite module over a
subring Ro whick is a p-adic ring having the same characteristic, dimension, and
residue field as R(19).

(Note: The assumption on RNp is satisfied if p is not a zero-divisor.)

Proof. The hypothesis excludes the case of characteristic p* (¢ >1), for in
that case R -p would be in every prime ideal of (0), hence would be of rank
zero. Hence R contains a coefficient ring R (for definition, see end of Part II).

If R is of dimension 7, let x,, - -+, x, be elements such that (xi, - - -, x,)
is a primary ideal belonging to m. The existence follows from Lemma 15, with
a=(0), s=0. In the unequal-characteristic case we require in addition that
x1=2p; the existence follows from Lemma 15 with a=R-p, s=1. (If =0, then
m is nilpotent, and we have the equal-characteristic case; the ring R is a field
and we take Ro=R.) Then ERo=R{x1, cee, x,} is the required ring, by the
lemma which follows.

LemMA 16. Let R be a complete local ring, R a coefficient ring in R,
Xy, * - -, Xm any elements of the maximal ideal m such that (in the unequal-
characteristic case) x1=p. Then 9{0=R{x1, ceey, x,,,} is @ complete local ring
concordant with R and having the same residue field, and its maximal ideal is
Ro- (%1, - = =, Xm). If R-(x1, - - -, Xm) 45 @ primary ideal belonging to m, then
RN is a finite Ro-module. If, in addition, the dimension of R is m, then Ry is
p-adic and of dimension m.

() This may be regarded as an analogue of E. Noether's well known “normalization theo-
rem,” which states that if p is a prime ideal in a ring R of polynomials (over a field), then R/p
contains a polynomial ring on which it is integrally dependent. That a corresponding statement
holds also when R is a power series ring is implied by the present theorem, in view of Theorem
15. In the case where the coefficient field is infinite, the normalization theorem for power series
rings is not a new result (see Riickert [11, p. 266], Krull [5, Theorems 10, 12]). The indicated
theorems of Krull are not special cases of Theorem 16 since he considers power series rings in
infinitely many variables, but these two theorems can be deduced from ours and therefore hold
also for finite coefficient fields. Thus Theorem 15 in Krull [5] can be stated without exceptions.
In this connection, see Theorem 19 of the present paper. The quoted theorems of Krull require
the normalization theorem for finite coefficient fields in the polynomial case also; a proof in
this case can be found in Zariski [14, p. 506].
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Proof. N, consists of all “power series” c=2 g obi(*1, - - + , Xm) Where ¢y
is a form over R of degree k in m variables. These series certainly converge
in R, since N is complete, and they form a ring. If ¢o=0, then c is clearly in
theideal mo=Ro- (x1, + - * , %m). Hence if cEmy, then ¢o5£0 and, in fact, poisa
unit in R, so that—by the usual argument—¢ is a unit in Ro. Thus m, is the
ideal of non-units in Re, Mo=mMN R, hence Nr.,mo*=(0). Thus RNy is a gen-
eralized local ring and its residue field coincides with that of R. The indicated
basis of my need not be minimal. Now R, is complete; this follows easily from
the remark that if cEmo¥, then c=¢(x1, - - -, xm)(Mo**+!), where ¢ is a form
over R of degree k. Hence R, is a local ring (Theorem 3) and is concordant
with R (Theorem 5).

If R-(x1, - - -, xm)=R-my is primary and belongs to m, then R is a finite
Ro-module by Theorem 8. If ® has dimension m, then it contains a chain of
m-+1 prime ideals; the contractions of these to R, are distinct(??) and hence
RN is of dimension at least m. By Theorem 14, R, is regular and of dimension
m. Finally, R, is unramified, for (in the unequal-characteristic case) p occurs
in a minimal basis of m,.

LeEMMA 17. Let R and Ro be complete local rings, RoCR, and let R contain

an element x such that m= (x, R-ma) and for some integer k=1,
xF € R-m,, k-1 @ R -m,.

If the two rings have the same residue field, then R = Ro[x ], and x satisfies over Ro
a monic equation of degree k all of whose coefficients (except the first) are in mo.

Proof. It is clear that ®-m, is primary for m and of exponent k. Let

q; = (x",ER‘mo), j=0; 1;"'tk-

Then these ideals are primary and

m=aq2Dq- - Dq=xRm,
mq -1 - qj» qj-1 = (xi—lv q.i)r j =1,..-, k.

All these statements are obvious except that ¢;—1 £ q;. But if equality holds,
then x'=axi(R -mo)(@ER), x(1—ax)ER -mo. Since 1—ax is a unit,
x*ER - my, which is impossible since j—1 <k. These relations show that we
have a composition sequence(®) for - m,. It follows from the proof of Theo-
rem 8 that the elements 1, x, - - -, x¥! form an Re-basis for R. Then
R=NRo[x], and

xF = aix*t o+ - -0 gy, a; € Ro.

If not every a; is in m,, then suppose ax&Emo, a;Emy for t=h+41, - - -, k
(1 =h <k). Then

(2°) Cohen and Seidenberg [2, Theorem 4]. For rings without zero-divisors the state-
ment would follow from Krull [5, Theorem 2].
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Fh(ah — graht — -0 — @) ERome.

Now the right factor is not in m, hence is a unit, so x**&ER - m,. Since this is
impossible, each a;&m,.

DEFINITION. An Eisenstein polynomial over a local ring R, is a polynomial
g¥4-a,z*'4 - - - 4-a;, where a;Emy, =1, - - - |k, ar&Emo If §R=E}to[x], and
x is a root of an Eisenstein polynomial over Ry, then R is said to be an Eisen-
stein extension of N,.

A proof similar to that of the Eisenstein irreducibility criterion shows that
such a polynomial is irreducible over Ro.

THEOREM 17. Any complete regular local ring R is an Eisenstein extension
of a p-adic ring Ro. An Eisenstein extension of any complete regular local ring
s a complete regular local ring of the same characteristic, dimension, and residue
field.

Proof. For the proof of the first statement, we naturally assume the un-
equal-characteristic case. From Lemma 15, with a=R-p, s=1, we obtain a
minimal basis {ul, Ugy +  +, u,} for m such that - (p, us, + + -, %,) is primary
for m; here r is the dimension of R. Let R be a coefficient ring in R. By Lemma
16, Ro =R{p, us, - - -, u,} is a p-adic ring having the same residue field as %.
Moreover, mo =R, - (p, Usy »t vy u,), so that R-mp is primary for m and
m=(u1, R-myp). If the exponent of R-mo is &, then

(20) ut € Romo,  wb E Romo;
Lemma 17 implies that % =% [#1] and that u, satisfies an equation
(21) wt + a1+ - - - +ar =0, a; € mg.

If axEm?, then by (21)—and since a¢;Eme—ui&m-mo. Thus u}
=bp(us, - - -, %), with bEm, so that b=cui(ue, - - -, %,), cER. Hence
ur(ur* 1 —cp)=0(us, + - -, %,). Since R - (us, + - -, %,) is a prime ideal not con-
taining u; (Theorem 14, corollary), u*1€ER-(p, us, - -+, u,) =R-my, con-
tradicting (20). Thus the proof is complete.

Suppose now that R, is any complete regular local ring of dimension »
and R =Ro[x], where x satisfies the equation

(22) 2t a4+ - 4 ar =0, ay, -+, G € My, akEEmﬁ.

As remarked above this equation is irreducible over %, hence also over its
quotient field, since R, is integrally closed(?!). Hence R is an integral domain
and by Theorem 7(2?) is a complete local ring. If m is its maximal ideal,
then mNRo=my, and by (22), x*ER-myCm, xEm. Let {u, - - -, %} bea

(2t) Krull [7, Theorem 6] has proved that a regular local ring is integrally closed.
(2?) It is not actually necessary to use Theorem 7 at this point. Namely, it can be proved
that an Eisenstein extension of any local ring is a local ring.
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minimal basis of mo, with wy=ar If c=2 rdcaxi(c;ERo) is in m, then
CEMCR- (x,us, + + -,u,),sinceby (22), 4, ER-x. Thusm=R- (x, %z, + - +,%.).
Since R is integral over Ry, it has(??) dimension 7, and by Theorem 14, R is
regular. For ¢ above we have c=¢(m), hence the residue fields coincide.

COROLLARY. Let R be a complete regular local ring of characteristic zero with
residue field of characteristic p. A necessary condition that R be a ring of power
series over a complete discrete valuation ring is that p =ew*, where e is a unit in R,
T an element of m not in m?, and k a positive integer. If k #£0(p), then this con-
dition is also sufficient.

Proof. If 9 is a power series ring over the complete discrete valuation
ring B, then by Lemma 5 the prime element w of L is in a minimal basis of m,
hence is not in m2. Moreover p is a non-unit in B, hence p =en¥, ea unit in L.

Conversely, assume the hypothesis p =¢én* satisfied, with & not divisible
by p. Let R be a coefficient ring in . Then there is an element @ in R such
that e=d(m), d-le=1(m). The residue of d-'e in P is unity, and the polyno-
mial z¥—1 over P has z=1 as a simple root since £ 0(p). Since R is a com-
plete local ring, Hensel's Lemma (Theorem 4) gives the existence in & of a
Eth root ¢ of d—le: d—le=c*. If m;=cm, then mi*=d~'p and m, is thus the root
of an Eisenstein polynomial over R, and 8 =R[mr] is by the theorem a com-
plete regular local ring of dimension one—that is, a complete discrete valuation
ring. Since m &Em? it may be taken into a minimal basis of m. From this fact
it can be concluded as in the proof of Theorem 12 that R is a ring of power
series over B in n—1 variables, where # is the dimension of R.

For dimension one, Theorem 17 implies that a complete discrete valuation
ring is an Eisenstein extension of a v-ring(?%), a result due to Hasse and
Schmidt [3, Theorem 18, p. 62]. The present theorem gives a certain insight
into the structure of ramified complete regular local rings. For such rings we
cannot necessarily obtain a power series representation as in Theorem 15,
even if ramified valuation rings are admitted as domains of coefficients; this
can be easily deduced from the corollary.

To obtain an actual example, we let & denote the ring of p-adic integers.
Let %= {x} be the ring of power series over & in an indeterminate %, so
that R, is a p-adic ring of dimension 2 (Theorem 15), with mo=(p, x). We
adjoin to Ry an element y, defined by the Eisenstein equation y2=p+4x2 Then
R =Ro[y] is an Eisenstein extension of RNy, hence is a complete regular local
ring of dimension 2, with m=(x, ). Since p=y2—x?Em? R is surely rami-

(2% If R is integrally dependent on R, then any prime ideal in R has the same dimension
as its i:ontraction in Ro; if Ro is integrally closed, then also the ranks are equal [5, Theorems 7
and 8.

(**) From Theorem 13 it follows that if the valuation ring is ramified, then this v-ring is
uniquely determined if and only if the residue field is perfect. In footnote 18 (p. 12) of [3]

there is an oversight, in that the v-ring is stated to be unique only if the residue field is absolutely
algebraic.
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fied. We now show that % cannot be a power series ring over a valuation ring
—or over any ring, for that matter.

Suppose namely, that R is a ring of power series over some ring B. It is
then readily verified that 8 must be a complete local ring. By Lemma 3§ its
maximal ideal must be principal (so that 8 is a complete discrete valuation
ring), and R must be a ring of power series in a single variable. By the
corollary, p is of the form en? e a unit. This is impossible if p2. For then
m=(y—x, y+x) so that (y—x) and (y+x) are distinct prime ideals. Since

=(y—x)(y-+x), 7 is in each of these prime ideals, hence in their product,
and this is impossible.

If p=2, we proceed as follows. Since P is complete it contains the 2-adic
ring &, and by Lemma 17 we have that 8=3[r] and that = satisfies

w4 ar+b=0, a, b € 3.

On the other hand, r =c+4dy (¢, dERon) and d0; for if T ER,, then BCNR,,
and this is clearly impossible. Since 7 &R, the above is the only monic quad-
ratic equation for m over Ry, hence 2c= —a, c?—d?y?=»b. Since a, bES, we
have c€S, dy?*=d?2+x3)EZ. If d? =Z,‘°_od.-x‘, d;€Z, then the coeffi-
cient of x"*? in d*(2+x?) is 2d,42+d.. Hence dn=—2dpi2=(—2)*dns2x
(k=1, 2, - - - ), so d,=0. This implies d=0, and we have arrived at a con-
tradiction.

Thus also in the case p =2, R cannot be represented as a power series ring.
But it should be observed that in this case the contradiction was not, as in
the case ps2, due to the assumption of the equation p=en? but rather it
was due directly to the assumption of the representability of R as a power
series ring. In fact, p=2 s of this form, since 2=(14+x2—xy)(x+y)% Thus
the condition k £0(p) in the corollary cannot be omitied.

8. Ideal theory in regular local rings. Some of the results of this section
are known for rings of power series over a field (Theorems 18 and 19) or even
over a v-ring (Theorem 18), at least when the residue field is infinite. Our
proofs will be general.

THEOREM 18. In an unramified complete regular local ring R every element
is expressible uniquely (up to units) as a product of irreducible elements(*).
Every minimal prime ideal of R is principal and has dimension one less than
that of R.

(%) For a ring of power series over an infinite field the unique factorization theorem is
classical. For a power series ring over a complete discrete valuation ring with infinite residue
field the theorem was proved by Krull [6, Theorem 4], the case of a finite residue field being
left open [6, pp. 770, 778]. Theorem 18 establishes factorization for power series over an arbi-
trary field or v-ring, but not over a ramified valuation ring. However, our proof readily applies
also to this case if R is taken to mean the given valuation ring and if p is taken to be the genera-
tor of its maximal ideal. All the factorization theorems in Krull [6] can then be stated without
the assumption of infinite residue fields.
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Proof. By an irreducible element is meant a non-unit (0) which admits
no factorization into non-units. Every non-unit is clearly the product of irre-
ducible elements in at least one way. To show uniqueness it must be proved
that every irreducible element generates a prime ideal. If & is of dimension
one this is trivially true. Hence we proceed by induction, assuming it true
for rings of dimension #—1, where n is the dimension of .

Let, then, f be an irreducible element; we show that (f) is a prime ideal.
By Krull’'s Theorem (see §1) the ideal (f) is of rank one, and therefore by
Lemma 15 there exists a minimal basis {#;, - - -, u,} for m such that
(f, ua, + + -, %,) is a primary ideal belonging to m. In the unequal-charac-
teristic case we may assume u;=p. For (p) is prime, since p is an element
of some minimal basis of m (Theorem 14, corollary). So if p is in any minimal
prime ideal of (f), then this prime ideal equals (p), hence f&(p), hence
() =(p), since f is irreducible. Thus it would be proved that (f) is prime.
Hence it may be assumed that p is in no minimal prime ideal of (f), so that
(f, p) is of rank two. Lemma 15, with a=({, p), s=2, implies the existence of

a minimal basis {u;, ce e, u,.} for m such that (f, p, us, + + -, %,) is primary
for mand uz=p.

Let R be a coefficient ring in R. By Lemma 16, SR0=R{u2, <., u,.} isa
complete local ring concordant with R and having me=Ro- (ua, + + -, ua) as

maximal ideal. This basis is minimal. It is clear that R, is isomorphic to a
power series ring over a field (or a v-ring) in #—1 (or n—2) variables and
that every element e of &% is of the form ) ,2,e;%, where e; is in R and is
uniquely determined. Hence %, is a p-adic ring of dimension z—1 and
is transcendental over $Ry. Since by the induction hypothesis unique factor-
ization holds in %, it must hold also in the polynomial ring R;=R,[u:].

Let R =R/R-f, m'=m/R-f, and for gER let g’ denote its residue class
modulo R-f. Then R’ is a complete local ring with m’=R"- (u/, - - -, u/) as
maximal ideal; this basis need not be minimal. In the homomorphism
of R on R’, No maps on a complete local ring RNy with maximal ideal
md =R -(ud, -+, u); this basis will turn out to be minimal. Now
R’-my is primary for m’ since R-(f, %2, + - -, #,) is primary for m, and
m'=(uf, R'-m¢). Hence if R’-my is of exponent %, then by Lemma 17,
R’'=R [«{ ], and u{ satisfies an equation

1 k=1

w4 e =0, ol € m.
If a; is an element of m, which maps on a/, then on placing
g=u+ a4t o,
we have that gER-f, g=hf where ER. Now £ is a unit, for if not, then
Bo=cur(R-(ua, - - -, ), cER,
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§= Culf(S.R‘('uz, tt un))r
uf = cuyf(R- (ug, + + + , #a)).

Since u:&ER - (ug, + + +, u,), which is prime, ui/* 1ER-(f, 2, - - -, u,), SO
u*1€R’ - (ug, - - -, u,), contradicting the fact that this ideal is of ex-
ponent k. Thus % is a unit and hence g is an associate(?) of f and therefore
is an irreducible element of R. But it is irreducible also in 3R,, for since all
the coefficients (except the first) of g are in m,, the same would clearly be true
for any factors of g in R Thus these factors would be non-units in &, and we
would have a contradiction to the fact that g is irreducible in . Hence g is
irreducible in 9, and since unique factorization holds here, R, g is a prime
ideal.

The mapping of R on R’ induces a homomorphism of R;=Ro [ul] on
R [uf ]=R". The kernel of this homomorphism is clearly 9%-gNR,, since
R-f=R-g. Now if dER-gNR,, then d =eg, where eER. Write e= .20 ety
(e;ERv), and expand eg in powers of u;. If d is of degree 7 in %, then on com-
paring the coefficients of #,*t*, we have

e+ areip1+ - -+ areiyr =0

provided 7+k>r. Assuming that for some m it has been proved that e;&Em,™
for 2>r—k, this relation gives us e; &Em¢™*! since all ¢;Emo. Hence e;=0 for
1>r—k, and e€Ry. Thus R-gNR1=NR,-g and the kernel in question is a
prime ideal. This means that the ring R’ has no zero-divisors and hence the
ideal N -f is prime.

The mapping of Re on RNy is an isomorphism since it is now clear that
R-gNRo=(0). Thus Ny is of dimension »—1, and the same is therefore(23)
true of &’; hence, finally, R -f has dimension # —1. The rest of the theorem is
now obvious.

A consequence of this theorem is(?!) that a p-adic ring is integrally closed.

THEOREM 19. Let R be a complete local ring without zero-divisors, and let p
and p' be two prime ideals in R such that pCp’. Then there exists at least one
maximal chain of prime ideals between p and p’, and any two such chains have
the same length. If there is no prime ideal between p and p’ then the ranks and
dimensions of these ideals differ by unity. The sum of the rank and dimension
of any prime ideal in RN equals the dimension of R.

Proof. Let p be of dimension s and rank . We prove the existence of a
prime ideal p’’ of dimension s—1 such that pCp’'Cp’.

Consider first the case p=(0), so that s=r, where 7 is the dimension of R.
Thering R isby Theorem 16 integrally dependent on a p-adic ring Ry of dimen-
sion 7. Since p’5(0) and R has no zero-divisors, p’MRy > (0) and hence con-

(*) That the element f has an associate of the form of gis, in effect, the Weierstrass prepa-
ration theorem.
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tains an irreducible element f of Ry. By the previous theorem, R, f is a prime
ideal of dimension 7 —1;since Ry -fCp’MNR, there exists (see Krull [S, Theo-
rem 6]) a prime ideal p’’ in R such that p”’Cp’, p”’NRo=Ro-f. This last
relation shows(??) that p’’ has dimension »—1, as was to be proved. In the
general case, where p is of dimension s <7, we observe that i/p is a complete
local ring of dimension s and hence p’/p contains an (s —1)-dimensional prime
ideal, whose inverse image in R is then the required p’’.

If p’/54p’, then we insert another prime ideal between them of dimension
s—2. Continuing this process we eventually reach p’, and since the dimen-
sions of successive prime ideals in this chain differ by unity, no further prime
ideal can be inserted—that is, the chain is maximal. From the preceding con-
struction it follows that if no prime ideal lies between p and p’ then their di-
mensions differ by unity, and from this in turn it follows that all maximal
chains between two fixed prime ideals are of the same length.

To prove that s+¢=r, observe that there is a prime ideal chain

0 =pCnC---CpaCpCp/aC---Cpf Cps =m.

This is a maximal chain between (0) and m containing s+¢-+1 ideals. Since
(0) is of dimension 7 there exists a maximal chain between these two contain-
ing r+1 ideals. Hence r41=s+t+1. This completes the proof.

The first statement in this theorem is true even if % has zero-divisors,
whereas the other two statements remain true if it is assumed that the mini-
mal prime ideals of (0) are all of the same dimension.

COROLLARY. Let R be a complete local ring without zero-divisors and a an
ideal of rank s. If by, - - -, b, are any mon-units of R, then the rank of
(a, by, + + -+, by) is at most s+t.

Proof. It is clearly sufficient to consider the case t=1; write b=bl. If pis
a prime ideal of a of rank s, then (p, 8) is of rank at most s+1; for in R/p
(p, b)/p is of rank at most one (by Krull's theorem, §1), hence (p, b) is .of
rank at most s+1 by the present theorem. Since (p, )2 (a, b), the latter also
is of rank at most s+1.

THEOREM 20. The guotient ring of a p-adic ring with respect to a prime ideal
of rank r is an unramified regular local ring(*") of dimension r.

Proof. Let R be the p-adic ring, p the prime ideal, & the quotient ring,
P=6&-p. The ring & is clearly a local ring with maximal ideal P. This ideal
has rank equal to that of p, so that & is of dimension 7. To show that it is
regular we show that P has a basis of 7 elements.

(27) If we adopt for analytic varieties a definition similar to that of Zariski [13, p. 199] for
algebraic varieties, then this theorem as applied to power series rings over a field has the follow-
ing geometric interpretation: An irreducible analytic variety is a simple subvariety of the con-
taining space.
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Assume first that either we have the equal-characteristic case or that in
the contrary case, p€Ep. Let R be of dimension #; we may suppose 0<r<n,
since the cases =0 or #n are trivial. Applying Lemma 15 to a=p we obtain a
minimal basis { Uy, + v -, u,.} for m such that (p, %41, * * -, #%,) is a primary
ideal belonging to m. In the unequal-characteristic case we may suppose in
addition that #,,;=2p. For since we have assumed that p€p, the ideal (p, p)
is of rank not less than r+1; we apply Lemma 15, with a=(p, ), obtaining
m=(uy, >+, %), (P, D, Urye, * - +, U,) is primary for m, p occurs among
the u;. Now p cannot be one of #,4s, - - -, u,, for if it were, then by the corol-
lary to the previous theorem (p, #%,42, « * + , %) would have rank at most n—1,
whereas its rank is actually #» since it is primary for m. This contradiction
shows that p is one of %, « - -, %#,41, and we suppose p =%,,1.

Let R be a coefficient ring in ®. Then Ro=R{#sy1, - - +, %} is a p-adic
ring of dimension #—7 and maximal ideal mo=Ro- (%41, + + +, %), and
%1, - - -, U, are algebraically independent over R, (cf. proof of Theorem 18).
Let &, be the polynomial ring & [u1, - - -, %.], where R is the quotient field
of mo. )

Let R'=R/p, m'=m/p, and let R and my be the respective maps of Ro
and m, in the homomorphism of R on R’. As in the proof of Theorem 18 we
obtain that ®’-m¢ is primary for m’ and hence R’ is integrally dependent
on RJ. Now we assert that

(23) R =R [, -, u/],

where primes indicate residue classes modulo p. This can be seen by re-
peated application of Lemma 17. Namely, let R;=R{u,_j41, - - -, Ua)
(G=0,1,:--,7), so that R; is a complete local ring and R,=R. Then R;
maps onto a subring R/ of RN’ which is a complete local ring with maximal
ideal m/ = (u/_j41, - + -, #4 ). Now R/ is integrally dependent on R/, and
hence R} -m/_,; is primary for m} ; moreover, m} = (#/_;j41, RS -m/_1). Hence
by Lemma 17, R} =R/_1[u/_;41]. This holds for j=1,- - -, r, and so (23)
follows. In the mapping of & on R/, Ro[us, - - -, #,] maps on R, in view
of (23). Hence every element of R is congruent modulo p to an element of
ERo[ul, LA ,u,].

Since u! is integral over Ry, it follows from Theorem 7 that for
i=1,---,r, R{ [4!] is a complete local ring, and it is clear that its maxi-
mal ideal is generated by !, /41, - - +, %/ . Lemma 17 implies that %/ satis-
fies over Ny a monic equation with coefficients (other than the first) in my.
Hence p contains a polynomial f; in R [u;], where

R h()—1 .
fi=wi  + aau: + e+ i, a;Emy, i =1,--71.

If a=R-(fy, - - -, fr), then (@, %41, - - -, #,) contains u;*¥, ¢=1, ..., 7,
hence is a primary ideal belonging to m. The reasoning of the previous para-
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graph for the ideal p can now be repeated for a, and we obtain: Every element
of % is congruent modulo a to an element of Rofus, - - -, u,].

Since R’ is integrally dependent on Ry and the former has dimension #—r
(by Theorem 19), so does(??) the latter. In the mapping of i on R’, RN, goes
into N¢ , and since Ry also has dimension n —» the mapping of o on Ry must
be an isomorphism. Thus p\Re=(0), hence K CS, &:CS; let p1=PNS,.
Since aCp, the preceding paragraph shows that every element of p is congru-
ent modulo a to an element of p\Ro[uy, - - -, u.]. This latter element is
in p1. Hence every element of P is congruent modulo &-a to an element of
& p1. But since each generator f; of aisin p;, &-aCS- py, hence P=S-p;. It
is thus sufficient to show that p; has a basis of 7 elements. As an ideal in the
polynomial ring ®[u1, - - +, %], ;1 is of dimension zero over £, since it
contains the polynomials f;. The proof is then complete, since it is known(28)
that a zero-dimensional prime ideal in a ring of polynomials in # variables has
a basis of 7 elements.

Thus & is regular and since it contains the field f, it is certainly unrami-
fied.

Now suppose that—in the unequal-characteristic case—p&p. Since R is
unramified R-p is prime, and since R-pCTp, & p is a prime ideal in &S. If
T is the homomorphism of &€ on &/&-p, then T maps R on a subring RT
of &T. The kernel of the homomorphism of R is R - p, and since p can be taken
as an element of a minimal basis of m, it follows that RT is a regular local
ring by Theorem 14, corollary; moreover it is clearly complete and of char-
acteristic p. Now &7 is a local ring with maximal ideal PT'; in fact &T is the
quotient ring of RT with respect to pT, and this ideal is of rank r—1 by the
previous theorem. Hence by the case already considered &7 is a regular
local ring of dimension 7 —1, so that BT has a basis of » —1 elements. Since
PT'=P/S-p, B has a basis of » elements, one of which is p. Hence & is regu-
lar and unramified.

We are now in a position to extend to arbitrary regular local rings a well
known theorem of Macaulay [8, p. 49] on ideals in a polynomial ring.

DEFINITION. An ideal a in a regular local ring R is unmixed if all of its asso-
ciated prime ideals are of the same rank.

Since R is regular, this is equivalent to requiring that all the prime ideals
of a have the same dimension. For Krull [7, Theorem 11] has proved that
in a regular local ring, the sum of the rank and dimension of any ideal is equal
to the dimension of the ring. We shall use this fact only for complete regular
local rings, in which case the statement is part of Theorem 19.

THEOREM 21. Let R be a regular local ring and a= (a1, - - - , a,) an ideal in
R having a basis of r elements. If a is of rank r, then a is unmixed.

Proof. By the theorem of Krull quoted in §1, every minimal prime ideal
(28) Zariski [14, p. 541, Lemma 9].
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of a has rank at most 7. Since by the hypothesis none can have rank less
than r, all the minimal prime ideals of a have rank . The prime ideals of a
which are of rank greater than 7 are those and only those which are not mini-
mal; we show that they do not exist.

Let R be of dimension #. We consider first the case where $ is unramified.
We then proceed by induction on 7. For r=1 the theorem follows from the
well known fact [4, p. 106] that in an integrally closed ring(?!) all the prime
ideals of a principal ideal are minimal prime ideals in the ring, hence are of
rank one. Assume then that the theorem is proved for r —1 basis elements.

It is sufficient to prove the theorem for 7 basis elements for the case
where R is complete. For if this case is proved, let * be the completion of K.
Then R* is regular and unramified; moreover it is of dimension %, in view
of Theorem 14 and of the fact (Theorem 2) that a minimal basis for m is
also one for m*. Now R*-a=R*-(ay, - - -, a,) is of rank 7 at most, by Krull's
theorem; actually its rank is exactly r. For by Lemma 15 there exist ele-
ments #%,41, + * * , %, such that (a, %41, + * ¢+, %,) is primary for m. By Theo-
rem 2, (R*-q, %41, * + +, #,) is primary for m*, hence is of rank », and by the
corollary to Theorem 19 the rank of J*-a must be at least 7.

Since we are assuming the theorem (for r basis elements) for complete
rings, N*- a is unmixed; that is,

R*-a = ql*ﬂ e N Qh*;
where q* is a primary ideal in R* of rank r. If q;=q#NR, then
a = (hn o .. n Qh

since {*- aNR =a. As for a above it follows that the rank of R*- q; is at least
as great as that of g;. Thus

r = rank a < rank q; < rank R*-q; < rank ¢* = 7;

so the rank of q;is 7, and a is unmixed.

Thus we may assume R is complete. If a is mixed, then suppose that p is
an associated prime ideal of a of rank s>r. Let R’ be the quotient ring of R
with respect to p; then by the previous theorem R’ is an unramified regular lo-
cal ring of dimension s. If a’=%R"-aand p’=R’-p, then a’'=R"-(ay, * + -, @)
is of rank r and p’ (which is of rank s) is a prime ideal of a’. This must be
proved impossible. Writing &, a, and m for R’, a’, and p’, we thus have the
following: In the s-dimensional ring R, the ideal a=R-(ay, - - -, a,) is of
rank r, where r <s; to prove that the maximal ideal m of R does not belong to a.
By reasoning similar to the above it is sufficient to prove this statement for
the case where R is complete. To prove this it is sufficient to show that
a:m=a.

If b=(ay, - - -, @r_1), then b is of rank at most »—1; if its rank were less,
then by Theorem 19, corollary, (b, @¢,) =a would have rank less than 7, con-
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tradicting the hypothesis. Thus b is of rank r—1 and is therefore unmixed
by the induction assumption. We assert that there exists a minimal basis
{ul, SR u,} for m such that %, is in no prime ideal of a of rank r and in no
prime ideal of b of rank »—1 (hence, since b is unmixed, in no prime ideal of
b). Namely, take this set of prime ideals and after deleting all those which
are contained in any other, denote those that remain by py, - - -, ps (cf. proof
of Lemma 15). Since 7<s, no p; can be m. If {uy, - - -, u,} is an arbitrary
minimal basis of m, then there is a u—say #yr—which is not in p;. Renum-
ber the p; so that wa&py, « -+, P, Y1EPry1, - -+, o (1 =k=h). For each
j=k+1, -+ -, k, let m(j) be such that u., €p; and let ¢; be in N ;p: but
not in p;. Place u/ =u1+Z§‘.,+lc,1¢,,.m; then {u{ , Uz, v v, u.} is the required
basis. Moreover, if R presents the equal-characteristic case, so does R/(u{),
which is therefore unramified.

But if R presents the unequal-characteristic case, we proceed as follows:
if p is in no p;, we may assume u;=p, so that R/(u:) is of characteristic p
and hence unramified. If p is in some p,—say in pr—we may assume u,=p
and proceed as above. Then R/(u{) is unramified unless p & (!, m?). Since
u{ =wu,(m?), this would imply #,E (41, m?), contradicting Lemma 2. Writing
uy for u{ we have, finally, a minimal basis as stated above such that R/ (%)
is unramified.

The ideal (b, %,) has rank 7, hence dimension #—r; hence in the (n—1)-
dimensional p-adic ring R/(u1) the ideal (b, #1)/(#1) has dimension #n —7 and
rank r—1. Since it has a basis of » —1 elements it is unmixed by the induction
hypothesis; thus also (b, #;) is unmixed. No prime ideal p of (b, ;) can con-
tain a,, for if it did, then a=(b, a,) & p, hence p contains a minimal prime
ideal p’ of a. Since both p and p’ are of rank 7, they are equal, and thus u,
is in a prime ideal of a of rank 7, contrary to selection.

Suppose, now, that c&a:m; we shall show that c€a. Since cu1Ea= (b, a,),
there is a d in R such that cu, =da.(b). Hence da, & (b, 1), and since a, is in no
prime ideal of (b, %1), dE€ (b, u;). Combining with the above, cu, E (b, wa,).
Hence for some ¢ in R,

cuy = euya,(h), u1(c — ea,) = 0(b).

Since u, is in no prime ideal of b, c —ea,Eb, cEq, as was to be proved.

Now consider the case where 3 is ramified. As before we may assume that
R is complete. By Corollary 3 to Theorem 15, R is the homomorphic image
of a p-adic ring & in which the kernel is a prime principal ideal &- F. If
Ay, - - -, A, are elements of & which map into a4, + - -, a, respectively, then
(F, Ay, - - -, A4,) is the complete inverse image in & of a and moreover has
rank r+1 (Theorem 19). Since the theorem is proved for the unramified
ring &, (F, 4y, + + -, A,) is unmixed and hence also a is unmixed. The proof
is now complete in all cases.

9. Applications. The ramification order. We now return to the question
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stated at the end of Part I. For this purpose we need a preliminary result,
which is of some interest in itself.

THEOREM 22. Let R and & be two regular local rings with maximal ideals
m and M respectively and assume that S is integrally dependent on R; let
m=R-(u, * - -, u,), where the indicated basis is minimal. I f Y is a form in n
variables with coefficients in & such that

(24) ll’(uh ) un) =0,
then all the coefficients of Y are in S-m.

Proof. Since & is integral over R, it has the same dimension(®) as R,
namely 7; moreover, &-m is a primary ideal belonging to .

We begin the proof by showing that the coefficient ¢ of u,* (where k is
the degree of ¥) is in & - m. From (24) it follows that

(25) Cufe S (u, + -+ Un).

The ideal &- (uz, + + -, u,) has rank n—1 for if P is one of its prime ideals
then POARDR - (ug, - - -, #a), so that the rank of PR is at least z—1, and
so the same(®) is true of P. Thus the rank of & (ug, - - -, u,) isat least n—1;
it is at most #—1, by Krull's theorem (§1). By Theorem 21, & (us, « - -, %,)
is unmixed and of rank #—1. Hence every associated prime ideal P has rank
n—1, hence so does PR, hence POAR=R- (s, - - -, #,). Thus %, is in no
prime ideal of &- (us, - - -, u,), and so (25) implies that cE&-m, as was to
be proved.

The proof is concluded as in Theorem 14. Let u; = " c;;, where ¢;;ER,
|csi| €m; then m=R- (v, - - -, va), and substituting in (24), we obtain

¢(ulv°°°1“n)=¢(vhf",vn)=0'

Here ¢ is a form of degree k in which the coefficient of v;* is Y(cu, * + +, €n1)
By what has just been proved

\l’(cllv Tty cnl) = 0(@1’“).

Since &- mNR =m, the ring ©/&- m may be considered to contain the residue
field P=%/m. Denoting by ¢ the form obtained from ¥ by replacing each co-
efficient by its residue class modulo & m, and denoting by ¢;; the residue class
of ¢;;, we obtain ¢(¢éu, * * -, ém)=0. The coefficients of ¢ are in &/&-m and
this relation holds for every choice of the elements ¢u, « + -, éu in the sub-
ring P. If, now, P has infinitely many elements, then all the coefficients of ¥
are zero(??), hence all the coefficients of ¥ are in &-m, and the theorem is
proved if P is infinite.

(2%) If T is a ring containing an infinite field P whose identity is also the identity in T, then
any polynomial f(z1, - + - , 2.) over T which vanishes for all values of the z; in P is the zero poly-

nomial. The proof is the same as the usual one for the case where T is a field, if one takes into
account the fact that a nonzero element in P cannot be a zero-divisor in T.
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To complete the proof for the case when R has a finite residue field, adjoin
an indeterminate 2z to &, and form the rings &’=&[z] and R'=R[z]. Let
&'’ and R’ be the quotient rings of &’ and R’ with respect to &’-IM and
R’-m respectively. As in the proof of Theorem 14 it follows that &’/ and R’/
are regular local rings of dimension # with respective maximal ideals &’/- It
and R’’-m. Since &-m is primary for M it follows from Lemma 14 that
&’-(&-m)—that is, &’-m—is primary for & -M, and &' MNS=S-m.
From the properties of quotient rings it follows that &’’- (&’ -m)—that is,
&'’ m—is primary for & (& - M)=&""-M, and &' mN&'=S"-m.

Hence, finally,
" mNG =& m.

Assuming for the moment that &'’ is integrally dependent on R’/, we con-
clude that the present theorem is true for these rings since the residue field
of '’ is infinite. If, then, (24) holds for a form ¢ whose coefficients are
in &, then since R"-m=R’"- (41, - - -, #a), these coefficients must be in
&' (R’ m)—that is, in &’/ m. In view of the relation above, the coefficients
must be in &-m, as was to be proved.

It remains to show that &’/ is integral over R’’. Suppose f(z)/g(z) €ES&'’,
where f, g€&’, gES&’- M. If there is a polynomial k(z) in &’ such that hg
is in R’ but not in R’-m, then f/g="~hf/hg is integral over RN’/ since &’ is in-
tegrally dependent on &',

Such a polynomial 2 must exist unless

& gNR R -m.
If this holds then there is a prime ideal P’ in &’ such that(?0)
&gCP, PNAR =R"m.

Thus P'OS’-(R'-m)=&’-m, hence P’ contains the corresponding prime
ideal &’-M. But since clearly also &’-IM contracts to RN’ -m, we have(??)
PB'=&"-M. Hence g&€S’- M, which is false. The theorem is thus completely
proved.

DEeFINITION. Let & and & be regular local rings of the same dimension,
RCS. If S-m is a primary ideal belonging to I, then the length of &-m
is called the ramification degree of & with respect to R.

We observe that if & and & are regular local rings and if & is unramified
with respect to R according to the definition of §3, then the ramification
degree is unity. For since m and I have a minimal basis in common it
follows from Theorem 14 that R and & are of the same dimension; since
S -m=9I, the length of &-m is unity. Conversely, if the ramification de-
gree is unity, let m=%R (%, - - -, #,) and let this basis be minimal. Since

(2%) Cohen and Seidenberg [2, Theorem 3].
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M= m=S-(uy, - - -, #,), this basis for I must also be minimal since S
has dimension n. To prove equation (14), it is enough to show that if an ele-
ment ¢ of R is in m* but not in m*+!, then it is not in IPMN*+1, We are given
c=¢(u, + + +, #,), where ¢ is a form of degree k in n variables with coeffi-
cients in R. If c&IM*+! then since S is regular the coefficients of ¢ are in M,
hence in m. But this implies cEm**!, which is a contradiction.

THEOREM 23. Let R and & be complete regular local rings with quotient
fields & and R and residue fields P and Z, respectively; assume also that RCT S,
so that RCL. If ©-m is a primary ideal belonging to M and if Z is a finite alge-
braic extension of P, then & is a finite R-module and

(26) [2: ®] = A[z:P],
where N is the ramification degree of © with respect to R.

This relation is a generalization to regular local rings of arbitrary dimen-
sion of a theorem well known for dimension one—that is, for discrete valua-
tion rings.

Proof. We make use throughout of the proof and notations of Theorem 8.
Since &-m is assumed primary for I, we have that MMNR =m, so that P
may be considered a subfield of X; thus the condition on the residue fields
has a meaning. By the quoted theorem & is a finite R-module and hence
these two rings have the same dimension; it is thus permissible to speak of
the ramification degree. An R-basis for & is formed by the elements p.g;
(t=1,-+-,pu;j=1,---,\), where u=[Z:P]. Since & is integrally closed
in 8, every element of { is the quotient of an element of & by an element of 3%,
hence every element of € is a linear combination of the p.g; with coefficients
in & Thus [f: ] <\u. To prove equality we show that these elements are
linearly independent.

Suppose, therefore, that there is a relation

I A
(27) 2 2 ailpgy) =0, ¢ € R.

tm=l j=1

We may assume ¢;; ER. If not all ¢;; are zero, then there is an integer k such

that all ¢;; are in m* but not all in m¥+., Let m=R- (%1, - - -, %.), and let
vy, - - -, vy be the distinct power products of the #; of degree k. Then
Cii=2 N 1ciinth, CinER. Substituting in (27), we obtain

N

2 w2 an(pgy) = 0.

h=1 i,7

By the previous theorem we may conclude that

Z ciin(pig;) = 0(S-m), h=1,---,N.
%,
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Considering this relation for a fixed # we show by induction on j that all the
¢ are in m. Assuming this proved for j=1, - - -, v—1 (1 S»=<\), we have

A B
E‘I:‘( 2 64ih1’i> = 0(&-m).
Ju=p tm=]

Since g,41, * * -, qr are in q,, this congruence implies that ¢,(Q_«cips) €4,, and
since ¢, €k q,, we have

M

Z Civndi = O(Sﬁ)

=]
Since p1, * + +, p, are linearly independent modulo M, ¢y, * -+, Cun must be
in m. Thus the induction is carried another step. We thus obtain that all
¢iinEm. Since this implies that all ¢;;Em*+!, we have a contradiction. Thus
equation (27) is possible only if all ¢;;=0, and the theorem is proved.

It has incidentally been shown that & has an independent $R-basis con-
sisting of exactly Au elements, and hence that it can have no R-basis with less
than this number of elements. An example will now be given to show that
the elements p.g; of the given basis need not be independent—and hence that
(26) need not hold—if & is not regular.

Let P be an arbitrary field and let P{x;, X2, X3, x4} be the ring of formal
power series in four variables. In this ring, let

3 2 3 2 2 2,
P = (%3 — %a%4, Ty — X1%3, X%y — X1%3, XXy — X1%3),

and let & be the correspondng residue class ring. This ideal is prime; for
the corresponding ideal in the polynomial ring K [x1, %3, x3, 4] is easily seen
to be prime (see Macaulay [8, p. 47]), and since its basis consists of homo-
geneous polynomials, its extension to the power series ring must be prime.
Thus & is an integral domain and is a complete local ring with maximal
ideal I = (w1, w2, us, us), where u; is the residue class of x;. The ring
$R=P{u1, uz} is (by Lemma 16) a complete local ring with maximal ideal
m=%R" (41, 42). The ideal &-m is primary with I as its prime ideal for it con-
tains us® and u8. Moreover, a composition series for - m is given by

m = (@'m: Us, u4) D (@m) u:, u4) D (@m, u;, u4) D (@m, u:, U3y, uj)
D (S-m, us, usus, us) = S-m.

From the proof of Theorem 8 it follows that & is a finite ®®-module having as
basis the elements 1, us, us?, s, u4?, so that & =R [us, u¢]. The ring & has the
same residue field and dimension as R, and R has dimension two for it is
clearly the isomorphic image of P {1, x2}. Thus R is regular.

Now if & and ® are the quotient fields of R and & respectively, then
L= R (us, ts) = & (us), for us=1usms/us. Since us*=usus?us =uus?, [: 8]=4. On
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the other hand the above composition series for &-m shows that its length
is 5, and thus (26) is not satisfied.

The reason for the failure of the proof of Theorem 23 in this case goes
back ultimately (cf. proof of Theorem 22) to the fact that &, is mixed. The
illustration of this mixed character is, in fact, the purpose of the introduction
of the ideal p (in the polynomial case) by Macaulay.
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